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· AB-STRACT-- . ., 
This paper inveeti·gate_s: the J?O,S.s1b~l.ity of extending th·e_ 
range of application· a·t_.the network a.n.~lyzer by employing the: 
- -principles of Diako_ptics~ -- the method of tear?-Jlg large sca_le 
First· :the :p,rcb.lem .o:f' int:ttrco-rmect-ing networ~_s :is ·prop.os:ed 
q.rtd· .a solutior{ oµtiined:. Next,. :the equat.ions· of· Qap.riel Kron for--
t.e"J_atio·nsh-ip~- -a~re_ :1:tro-v·ed us·:Lrtg tensor notat_iqr1- ~nd. following 
,c:ios.ely t'he· .wo.rlt o·f Erarik1in J·· •. Bra.nin·2:. Mak~n.g· -·use: of the 
-.fundamental network th·eor·ems, · Kron.'-s equations :are deyeloped 
··and explained ot1 a :Phys.i:ca-1 ba.s·i-s in ·9rd:er to:. clarify the concepts· 
e·xamp~es are· t_hen: .studied· on th·e n,etwo·rk analyzer to illustrate 
·in ~· ~t:·~p~by--step .fashion ·th.e methods- o-.f solution deve·lop_ecl by 
·b_y the- use ·o,_f 'a .d·-t-git,al -c.dinputer .apply~ng: Diakoptics· ·a/n:d 
{QJ;lQw;Lng the procedures set rort1;. by Ga'qt.iel Kron foI' this 
. I -. 
-t.ype of: ·anc;lys.is, ·the a~.vantag~s.: ancl disadvantages ·o:f: empJ_oyi:~g: 
·t·h~- 11 .. E3·.twork·: ·analyz·er: :or ·the tlre.- digital computer to _ . .s"C>lve l?rg·~ 
~-
_-
'' . n·et·Norks are compared. 
___ _. .. ~··.-·. . .·_ 
Q 
• 
2All references are listed in the Bibliography 
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In the1 --task of analyzing complicat.ed physical systems, 
the representation of the .physical ,problem - exact or approximat~ --
·in t_he form of equivalent circuits: is widely used. Although thi:s 
-approach leads to a clear des.c.:ript1:on of the problem in irih1.llfiera·b·1 .. e 
fielcl:s of application3, tne t~_sk. of· ~nal_ysi:s· i~: .. iµerely a 
\ 
"±i.ratfsfOrination. of th.e .. ori·ginal problem to. 
/. ·1 •. -·the. '.treatment, of large networks.: 
s.0111.e:, 'in$.ta.rtces :invol.v,e so many variables and ~qua.t.iqp~· that· th·e 
/ 
-a.vq;t:l·~ble compJrta tiona:1 a-id .. s ·prove t.o· ·be ina·qequ~.tE3_•: 
.d . •-. . -· . . . . 1arg'.e- :scale n~'two.-rk·s, d-evelop.ed by· Gab::ri:~l- Krcrn:,: p~qvldes- a me.ans. 
:t'o overcome th·e: iiini taticns imposed·. by t·he :cornpl:exity .o:f t~.e 
pro'blern. This methpd reduces ·the: difficlil'ty of· so:lution =by 
' . . 
analyzing the intricate:: s_ystem ,not· in 0.ne ·s.ing:~e. s·tep, but rather· 
-"~-- in several .f9asier: =st.eps • Tr.le .met:hod -~_pyo1 ~.es. ·S.e.c-t:ion~J_izing _a .. 
.• ,,·, -··-~-.- ·~-· k-· ·0.~··.·-~~.c .... ---~··-·-·· .. ··,~·- . - ---· -· ' .. ·,._ -· ·-.--, ... -- "', -~ ' . . 
.,. -
gi.y~rr :ne~work into sup:g;r<~Yµp§, wni.ch are ~nt~rcopnected through j 
,·2· 
-·· . .,;... 
.  .. 
f 
•(, ~,, ... 
............. 
,,:;, 
·-···'...- ~- ·--·-···-·-•· _.-. ~· . ··~·•7"··.-·:· 
'· 
. 
. ' 
ne:twork elements ( ti·e.:. lines) •. " The,~e · ~.µ.bnetworks of smaller ··size 
can then be analyzed in~i vidually a.n~t their )art}al solutions 
combined to form the overall.- so.lution· -of .the original system. 
The concept of L)iakopt,:i.:cs i~ an ·e~ension of Kron'~- tensorial 
_,analye·l.s of networks and thus the whole approach is ·rathe.r mathemati-
c&l-----in--hature-.- However, since eq~alent c·ircu±t·s.-:--ai1d- ·topological 
models of the various _:problems are treated, the principle~. of.' 
piecewise solutiq.n may al-so,: be. a~ppl_ied f'or a direct. solutio·n :of 
large netwo·rks· 'in :a·:halo·gc:,11~ · .fasp;L¢.n. ·-11~:tng,, th·e network a·naiyz,e·r .•. 
. By using the ·metho·c;li ·d;"f: pi·e.Cfjm,_s:e: solution,. the capabilitie-s :and 
""'' 
range .. o·f ap:p4-:i.cat·to:p of ·th_e rietwork analyz.:er can be extended, thus 
·--
. 
making :it po.ss_i9_1e· to solve problems whose solution is otherwise 
.. 
:·_p.ro··hibit·tr;ci l>.y their large size. The inveat'iga-tion_ of this new method 
-o-f,,n·e:twork ~nalyzer applicati9n will. f'Or.m--·the _subject of this .thesis • 
. The problem of iriterconnec_tj;pJg; ·networks will be dis,_ctisis:ed:, 
followed by a derivatiqr;t qi': th~ f:o::rrnulas of inter:conne.c.tion, .(as-
publ±shed ;by K:ron6c)' arn;i thf)it phyilical exPlana£ion. From this the·. -
, .... ,. 
-st·e,ps :o·f· a 11~two;:rJ.< ~rtaly·z·e_r :~·o·lµ.t,_:ion: ·w.i11. b.e found- and applied •.. : 
.. -·· l.._ 
·On~y th·~ _prol:)leni 0£. :so·'1ving ·any -given la:rg,e n:·etwqr~ w~ll be con~ 
·, 
no <X5nGetn~yu.rt[l$:t'n!Qr~, onJ.y;f!nearnetworks will be treated .. artd · · 
.:,: 
-~-
/ 
----·- ___________ .. ________ . ---··--·· -- . . 
. --"'-·-· . -· ·-· ----·--·--.----··-
~:,[]~ CQl1~iqe~~-tJ.ons _ apply o.nly~ tEr --them.- , ----- ~---~ 4 --- - - - - - - --------- ----- - · -- - --- --·-
Some familiarity with. ·tens·or notation is assumed o.f the reader. 
n.· 
J· 
·r 
l ... 
L ' 
) 
. ·~ 
:t,.. TlIE: IN.TERGC}NNEGTIO·N .·oF :.S:YSTlEMS 
. . . .,.: . . .: .. -- ', ,; . 
A. Problem of interconnection9 
..... . 
To establish a starting point for the ·di·se:t1ssibn, o:t· Kron:f:.s. 
\ . . 
I 
procedure of piecewise solutions, art examp·le .. , :r:ela.tect to :the prob:lem · 
:at.ions. 1-e.~.cling. to. the. :$d:lu'tioti of the example are. ·or lcey importance 
·.fo.r: ,a ·n· ::.si·cal inte.rpretat:io:i'1 of .Kron' s method aind i·ts.:'.· und.:e.r.ly·· ing .. . ... .. . p y ...... . 
' 
-
... 
... 
. -
,;.•. 
.. --· .. . .. : ... , ... ~-··. -• ,,. ,• ., -. -, <·. '..; -·:-· .-. '" . 
. .. ___ . .,.. , -· ·'--· . < '. . ... . . . . -·· -- .. . ~uppp $·,~. ~-h~:~---· t~9 .. arb·.~ t~.ry. {tetwq·rk·.s .-:~~·~.-:gt·v~n! .. _.~e·<t.GJY .·\fi~E .. :. :~~------~----'---~--·---'·--......:_, ... ,.---·-----.. ----.......... .. 
~--
_s.fngJe· :o:p,en· .e~erna.l t:erminc1l and ·.a .c·ommo.n ground point, aricl tha:t 
/ 
a:11 ·electri.cal qµ~nttties relat.-eo. t:o tl1em, t:he currents, the ·volta:.~. 
. .. ~-·'··~·"""" '• ' -
ges, the impeda.nce.$ ... o·r· ~d.mittan·ce·s 'and. :tfi.eir applied sources:. a·re, ·: 
. known. The· ·pt•oble.ni o:f· .j;nte.rc.onne.ction .. ls :tcr d·etermine t'.f1e· 1nfluence 
qf. ~pt~rqon'.t'.i:eGting the co.rrespond{r1:g.· op:en· terminals on 'the.· orig.inal 
:cJ~.r:r~nt=-s ·and voltag~.s .o·:f· thJ~ :two. subnet:works.. . 
. . ·' •. ' '~ .. ~~ . 
s.tc;1:t·f3.S of two arbitrary ·grounded: i·±:near ·n·etworks·, 1 a-nd :2·, wit.h 
• • 
-· ,; • ,t· ~· 
I 
·tbe: rretwo:rks .. ··c·ont;ain. ·only impressed .nod:e current sources, I 1 and· r?, 
·~ 
. 
terminals .A1 .. ~nq_A2. are xi and.~ +2:. The Mialys.is. of the :r:--~-~RQns_es -------
q.ue ~ho. c;onnect.ing_ a ti.e.,~li:ne: :of imped·ance .z.1 betw.een· the external 
·.···4·· ~-·.-~ 
:: : 
,. 
' V ' 
' . 
' 
.. 
·t.erminals A1 and .A2_ ·will ··n_qw ·b-~~ c'on~.idered. 
•; -' 
l-I .. 
( 
. Ne·t:'1l6_r-k. 1 
:y'l 
. --·------- -- ..... ..... .. . -.. -BA-. 
· ... 1· ... -·-·: . ~· """";.-·" ' 
., 
Figure I~I:: The 1~11c_,;:nnect·ed ·net"tforks. 
·B. The method of solution 
'j' 
. .: •• t 
Nel1-1or/t 2 
y;?_ 
. ... t ,' .... 
. . ~--. . . 
....... , 
The solution for each of the: two noc;fe--t·ype. netw9.rk~, ·b-~i\'iriJ:: 
. 
·_tP.t'.~rcon.nection--th.~- node volta:ges e---can :b.e found to b-~: 
e·_. 
·2 
-~ 
(tl}~1 11. 
_______________ .;........._;..--t------'"-~-· .-. -- ~ . ,__.· _ 
___... 
: :(X2)-l . r2 
.; t-
. ,· 
terminal v\:,:ltages -~Al .and eA.2• In tensq:r r10:ta.t:io.n t·he: :s.blution ·~ts 
fo-:und l=1_y so·:lving :t:rre _equ~tion 
~·· 
rP ~- Y~ e~ 
··-. 
to obtain 
..... --· -- -~··· - .·.. .... . . -- ... ·····. ....... .. ---~---· -. -· -·-~- -···~. : :-i»- . ;;r z r;;.,p I~ .. . .• ~- ·-·-· .. . . . ., .. : , _______ ;.-,. -- ... .··.(·.I.-_?_._=)··. . ...;;; . -·· . ·-'····- ,'. . .. --~ ···•···· ....... - .. 
:~·-
wh9re Zotp denotes the i.nVerse of the admittance matrix yf.#., • 
0 1 
Now let c equal t_he d:iff~repG-~i in· :no,de -vo_ltages between t)i:~:f 
-5--
-· - < 
/ 
., 
I 
II 
I 
. {. 
- \ · node pairs which will subsequently be interconnected: · 
\ .. ;; . 
-· .. . 
i' 
; 
... _ S,, 
It is apparent .that, connecting t·h:e: :noci:es A1 ·an.d A2 through a. -
voltage ~ource e of the appropriate polar~ty, Fig •. I~2,- in series wi_t·h. 
·.. . 
... 
. ·· 
,. 
.. ·.;_~. 
" 
.. ••••••-'"' .t. .••. -· .,,,_"__ --·· .. • .. 
. . . . 
t_h_e tie.~_line. of_ imp.edahce. z1 ~ leaves .. tlJ;:e voltages- and- :o-urrents ef net.wQ.r~---·-····: ... ·· ··· · 
( 
i a-net :2 unch_ang.ed frq-m. tho:sJ~ ·of t.h'e un.connec.ted networks.. I 
. 
T1 
-
Nelvork 1 
yi 
Figu.+e _1·-2 :-
£ = 8.A·:··~e .. 
... 2 m.2.. 
A1 :i!L 
-o--1,tt1\----~ 
•. 
A I l I 0 1vet110,rf( ~ 
.. y2 
t:~rm.inals· t:hr.°ougp: th:e impedance z1 • A new· 1~:rger network ls forined. in 
.. 
wh-ich network '1~~ and .. ,g a.re only subnetwc:,rl(s -(F·.ig. I-3). rhis interconne·c-
tion gives.- rise to new .nod~ pqtent;i:als_~- changes the current distribut_:ion 
link impedance z1 • 
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. . Figur.e· I~3' :: Th·e .. interconnected __ networks 
. ' - ;·-.- . . ; . ' ·, ' ' - •· Th.e ~co:t1d:it:iohs: o·.:f' in.terconriec·tion may ·als'q·: ·be ·9btained by 
fuam.pulatihg· .the equ:Lvci'lent diagr,~ of, .~etw:prl{~ ·i ~np. .2 in the un-
:connected state as s·hqwn. in Fig •. 1·--2 .•.. Here tpe suprre:two·:r·k.s are already· 
:-,...,.-. 
voltage'"'.source 8- • Intercqp1t~ctio:n of these two subnetworks, to obtain, 
the §;ame ·conditions as. :irt :.Eig:.. I--{3:.,: .. is ·realized if .a· va·:1tage - e is 
"' 
ad.deo. · to the: connec.tin.g 11-ri1t,. ~is =shown 1n Fig. I-4·• 
--1 j_ 
." .. :-:r. •:: .'".' 
,l 
(, 
''\: 
Figure I...,;4: The equivalent interconnected. .,.networks 
Under the t.umpti~n that the voltage sources e_ and -£ have 
,·~e·ro·. :internal iJnp~q.$.nce, :the. influence ·of both sources cancel- each· 
:/ ' 
.... _ .. _. -~"·-··~-
d 
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4' 
o:th=er .and it can b:·e ~se.-en th~_t }he equivalent repr1esentat,i.on' ·o:f· F.:t-g·.:. :I--4-
:is the same as that of Fig •. r:-3_. 
I' e : • 
The ,rlhol.e network in t.h.e :connected state, built from the subnet.-: 
wo.rk:s 1 and. :2. and the connecting tie-.line z1, can thus: be described as ., 
I 
" 
11:arlng £ -i11ternal .. no.de .current sources, I, within the subnetworks ·1 and 
-arid i ~nci: two .. fictitious voltage sources E, and - £ in series with the 
Unk:_. :This: .reaults in. a: to.tal nuni.b,er of sources, (p+2m), where fil denotes 
the: rii'Jrribe:r of· t:i-e·,._;libe.S ·oetwe.en 't'he netwo·rks. In t.his particular example 
·m = 1, and the total number· of .sou·:rc·e·s is. (pt2) •. 
. di'· --- - ----·---- -·- .. -~--~------·-----·-·------- -------~ - -· --· - ..... - - .. 
Each of these ind1vidua.l. sources p·1·aces a cons:t:ra;int on ·th.e 
entire network. The internal. ·curr:ent· sources in, t·he. subn·etworks,. whic.h 
a;re· disconnected. by :the: ·b_'ra.p¢p: ·voltage C ., g~-ve ::rj_Sff to pot·entials at, 
-· 
t·h·e nodes, whil·~ tli:-~ neg~t:ive: v.9i:ta·ge .source j_·n the:· :.1.ink, ..j. e, , caus:es: 
,a mesh curre11.t , to: flo~ th:rpugfl tl1.~: l.ink <and- i~t_o ,the· subnetworks 1 a·nd .. 2.-
Ba-sed :9n 'the: a·,ssu.mption pr.-~viq:1.~sly rnad.e that. :.only line.ar ne:tworks, 
W·Ul. 9~ t·a.~.ep :·itit'o oonsi'q.e:ratton, t·he total. r:~s:pq.~:~E? ·to the·s:e s:ourc-es 
,. , 
~· ): =s:ources :o·r of g:ro.ups o-f these so.UtGe$ •. The ·$up·er--
. . ~ . 
t.n:e. individua· . 
The analysis involv·es. :the, :following steps : 
.. 
analyzed. For ·-Fig. I-1 .. __ the-·solut.io-n is. ol~ar.ly t·he noq·e v-o·l·tage ~t the 
·-··-·····-··---------- ... ; .... -----·---···- ----·-·---------·:····· ·-· -~-"·---· ·- : ..... · ·- .. -- . . ... -... -~- - . - . -.:: ' - ·- ,. . . 
:f\ 
· various node~ o:f :e:ubri-etw:orkf? .l ~nd. .2 a_s c~µsed qy ·t.t-1:e p· .ir.rt~,rn:a.l_ ·ciJrretlt 
-
~·.a·-~ 
.. · ... · 
I I\, 
;", 
.I 
" sources .. However, in Fig• l-2 the respons,of' the additional link v:oltag~ . 
sourc~, 
€, , is a mesh current, L\ i 1, whi~h f'lows through the link z1 ,,,. 
. .•. 
~. and is distributed ih the subnetworks. Th.fs :.mesh current cancels the 
link current of opposite polarity whi:c·h woul~ de.velop between the . two 
subnetworks due: .. to. interconnecting them, since th.~ :magnitude of 8 was 
de.termir1ed so as. to. cause a: ·zero total current i11 t·he link z1• 
Thus: in the .first· step, ·a ~piution corresponding to the res'po.hses 
·to ·the .gro.up o-:f· (p+m). ·sourc~~ -~-s· ol;)tained, which are the impressed: 
I 
·current sourc:es arid the. 9'uxiJia:ry· volitage sources 6 . This solution. ,:is 
· the node voltage ,at th·e·, ·various nodes o<f ·sub:network 1 and 2 as found in 
.. 
Eq. ~-1 or .Eq • .r~:J .• : 
+ 
·! ~ 
2.· The .. in.f.lµf?pC:~· tif. tJi.~·: :.!!b s:ou.rces, -£, on the: so.lution fo·r th:e. :(p+II1) 
sources must thei:f". b:e .. d·.E3t~rmined. To find a s.olution for- this: ~pcii.y.fd.ua·l 
source, -£ must a¢±. ~l'one on the impedah·c,es ·of· the ·who:;le !):~twc:,rk:,.-
while all .othe'r '$bUrces"· ar.e disco.nnectea· {F:i.:g· .• I~-5).~ 
·, . 
. . :........ T 
;o,·. 
. . 
- -: ,;. 
/; r·· 
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... ____ ,, __ ·---: ... -, ~~-
. ~. 
----- -~- ~-.- - Figure I-5l The inte.rco·nnel\'cting ;oltage~e·-··-··~-·-·--
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,. •- ~•"·• ........ ••·•"·-·••,,· ••:•·••••• ;_n_•,,•••,•·;s••.:•:·:~:~":m"""·~•·•;;•·· 
... :· ._.... -· '~ . 
)., 
.Th~ .. $.o·lµt.to:ni ·:corresJ10:nding ·to· ·t}r.e: ··v.91 t·age - E is th-e me.sh 
'9 --:.-· 
.. 
·---------·--· 
,, 
.. ___ . :" -· •. . ·- . c:urren t - l\ i 1 .. flowing . thrj:,~gh tfl,E! _ iinlc ~I,1- . ~!1.t~rfcc1.n. be d et emined by . ... . . . .. . ....... " ..... . .. '. .... . 
.... ·._ - __ ....,._,,.. 
-·~: , 
- - . .......: ~ '.,_ ._:·: :.;.,·.:_ ·.·•·./· 
;.· 
. .g 
A •L 
-,Ql 
where . z1 == driving point impedance of th·e network>l ·with respect 
to· t-erminal A1 
.. Z2 = driving :Point impeda.n.c,e ·.ot: ttetwo=rk·_·:·2: with_ .resp.ect: to 
terminal A:_2. 
z1 2 impedance _of the .c,efnn.e.c-t::±ng iink-- L- ... 
Ip tensor notation: 
l 
( l--5) 
.. ,c,. .7 
where Y~(J(.. = inverse of (Zotf-3 + Z()(~ ) 
-~~,.;: 
.. 
Zd.fd = d-riv±ng point impedance of tl:i~.- :_$\(bn:e:t.w.ork.e :with, _:r·e_s;pec·'t 
The mesh cu.rrent, - ~ i,6 , however~ can Pe considered as an ..•. 
impressed node current on both th.e n:etwb._rks· l and .-2,. which ·causes no,d.~ 
voltages,~Ae(X,, at al.l the no.d.es· of -tt1e· sub.n.etworks 1 and· 2 . .- :Thes::e·, 
additional responses ad·d,ed to t··he results found: iii Eq;_. r 2 g-_iye: t11e 
:ac·t'ual node volta_ges. o.f the: interconne·c-ted s-ys·teµ1: 
--,<'~:.,-"'~·~·"- f' 5-..;: - -
.Thus th:e. problem ·of a:et.ermining: tJ~e: influence o-f' ·int,-er'connectioJt oil the: 
solutions ·o,f the S·,eparat.ec;i subn:~two:fks· {:$ sol ye.d. .. 
.-'1'·-0· -
-- · ... ···.~; 
. .. 
,;.,, 
'......., . 
•• 
' "~·-. 
.. ·-··. ····-,···- ' -·-~· . .... :··.-· .... ,:;;····:....:. ... ,.--,· "-······ .·-·-· .•·' 
I! networks ___ l_and ___ 2 ____ c.ontain_only .. _impressed node voltage. souroesl- -
. ' -·- .• ' ? 
.. 
-the solution is obtained by a- s.imilar procedure, _using the r_espective 
-dual quantities. -The reeponse quantiti·es due to impressed voltage 
.-sources are mesh cllr:rents i/o • To cotmect both subnetworks at their 
• 
. free terminals, link current sources ,t,· are inserted. Th·e link current 
' --
,. :source -- 1'~, act.ing alone on the entire network, causes node volt~ges to 
develop at the co·nnecting:" t~·erminals, which again can be considered as 
impre.ss ed node vo:.ltage: ·_sourc,es,, .. .gi_v:Lng:: ris:e -tq: m~f§h currents ..:. Ai~ in 
the ·subnetworks .. The- actual ro.e$h: cur.rents .o:f' t-n:e interconnected system 
:are then' the sun1. .of a:ll. ·rf3_sponses: 
i'~ = i~ - A,i,a 
. -~. 
G. Another method of solution 
The method of analysis may be simplified ·by re.alj_zing· that t.h~.-
·:yo:lt.~:ges - at o~ en terminals-, , .eo.( -,.- }is: given in: ·Eq:".. I·.,.. 3", a:~e .. s.·irn.:pl.y ~he 
-equ:ivalen.t -vol'ta-g_e -so,urce·.s of ·Thevenin) s: the·o.rem:._ Hen:0:~-, thi~. ·th:eo-r.~n:i: 
··~··· 
.;.will :b·e .used to ,._simplify the:· ls~bn'etwo.rks· :.1. :and :·2; Q:f F·~·g,.- l-i ·w:ttl1: -:r~-:~pe¢t. 
~ Ji ·: . 
ib- ·":th-e1.r conne.cting terminals- •. 
The d:r.i ving :po-int. imp·edar19:e_ p.f · each. -s-µbn~two··rk 'WJ tb r:~f$:pec-t ·to 
. . . -~ .. · 
... ,.····~--~ .. ~·--· ... - -· 
....... , . . Thevenin' s equivalent c_ircu;tt·. .The. voltag:e:s at o:pen t.erniirt~_J,s e A and 
' .· . "l 
- ·----- ' ----.. --··--------· . 
. . 
eA2 appear across node A1_ to ·ground and A_2 to :ground,. ,r-espect'iv.ely, 
wh.en both subnetworks are,- tmc.onrte.cted· (Fig. ·i--6):. 
-1· :1· - .... ;-, 
' ... ,· 
··L.· . . . 
. . . · 
·~- ... :· .·· .. -
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. ··~ 
• J 
.. ·~ .f' . . -. ,. " .. ... .. . ,:· .,. • . .. ,... . ·-··'i/!fiT ._,- - ' • . ' 
!".' ·F'igure I-16:. ·Tb·evenin's equivalent. dircuits, unqonnected 
A2. t\ly-. ..... -....c--1 
2.·L·. . i: 
> ~ :17 
~ L..., ::... .. 2.. 
(3 I j . 
·• A2. : -- ,;- . <., 
:/ . . \. 
I;: &A·.2. ); 
·, ... --. · :J . . 
'.-....._ .;./ 
. -
___ .,, -~----- -·-~-"'- ·~- - - > ~ - ~ 
·G:o.nnect:in·g the 'two. s·tion·.etwo.:rk equtva.l.ents by :the, 't:1:e.··.·::1ine. z.I~i· 
·tJi:e circuit· .of Fig. I-3 beco,:rne.s th.at :o·f' ::'Fig: ... l~ .. 7·· The volt-a.g.es:· .?t, t·he: 
.. 
:nodes :A:1 .and.. A2 in the .connected s--b~: of ·.Fi.g, J:-,7 ar:e ·the aqt·u~·~t 
j; 
.. : 
I;" 
·, . 
. AiL == cz1+z2+zLr1 ceA{ eA~)-
== (Z1 + Z2 + z1)-1 [;;, 
{1:~9-) 
c·~-· ... ··, 
wnere 
. - --- ___;;;_._ . 
.z·.1, ·~· ··dr±vlng~·po·int .. ~pedanc:e ·o·f network .1 wit.h. respeqt.· tg· 
.•.' . -
. ~ 
..-12~. 
,. 
,. 
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000 
••. 
0
·· ;··~,-~ <"'"" _-> • •, • ,, .. ..._,,,., .·'• 0 .- ,•. ,-~ ,•,,.••• -• --
\ -~ 
z2 =- driving p6:int impedance ·o.-f ·1:~twqrk ~ ·with respect to 
.... 
1!111!:: 
·-··-·---------· ----··· --.---. ------ -z1 =---impedanee-e:f----th·~,-eo~eeting link----.~-------·-............... ____ =··"--.. -----.-, ........... .-..... i ........ . 
I ' . 
Ih 'tensor notation Fig_, .i-'9 b·ecomes: .,. 
'/·. 
where 
y/3°' = inverse of (Z '*/!> + z ~ ) , 
Zr,(,f, = driving point impedance of t.h·e: sub:q~~w9rks with respect 
to the·: conne·cting. link.s 
,T'o :detefrmi.ne .the- :p.o·t.-entials: 9f the internal nodes: of· :the· 
networks l and :2- th,e ltpk: oqurrents ~ i Id can be . co~sidered: as being: 
impressed at the ·~e;rrtu.na:ls Ai arjg.. A2• Subsequently the ori~inal 
vo:ltag;f?S ·.ca.n. be f.0W1d: :ao:c·o·rdi.rrg :to·· Eq • I-3 • 
•.",\ 
- --·-~-- --·- --·-.---.---.-- .... v.·~-------··----
',-...v. 
~~"., 
--.1:3.· ·--. ,•. 
, ··.-~···•···.:::, ..i'-"h:1...,.--i.:J-.._".-. '·.'.···· •• '·· ••.. -
• .._.., ____ ,_ ______ ,..u... .... • -'•·• _ ~·~·-•· -·· • ,_ •·•·• •·-•••-··•-~•~--···---·--------... -u.1 ... ---. _,._ 
_- ~-'"".:~---- ---- .:±--::~·- , -
A. Analysis of a general system 
\ 
As pointed out in several papers, Ktoil:·te. ·met,hod ·O:·f' :P.ie~ewise 
:s,o.:lution is ,.,intimately related to t,he mesh and node met·hod of network 
analysis_. a.nd may even be ___ gqnsitlered a logical extension_ o:f these 
·class·ica.1 ·met.hods1~2a. Kron' s fot'Illulas of interconnectiqn :a::re directly 
:d·.erivab:le ·us.ing th-i-~., .cipproach· ·and the deri:vation: ~h9w$,. why Kron 
... 
~ - 6 
·d:'ei1o.t;ed ihter,co~~-·c:t:~.o.rt. ~:s .~a. form :of £:ra.nsfqrmattc;,:a- a,'? and why :he, c.alls 
inte:rconnect·ed. -$yst.:ems l.\Q·rt:ho_go.naf ·netwo.rksn6b·.. Such derivations: :are:-
showh-. ir1 two. ·a.rttc-1~$2b,:, 3 , uisihg th·e topq]~ogi_qal concepts of O:t .. ree•t 
The network problem 
. ~-~A._fg~l statement of thfJ ·n.etwork problem may be gi:1rer1: a·$· fo-1.low·st 
Find: t·h.e. branch vo-ltage :eoG--. and .. cur,rent i R> of a mult.iple, b::ran.ch t1EJtW.o.rk, 
... 
. .; ' 
,,if 
:l.~ 'hh:e conf'.i_gura:~~-qn o:f :t·he network, whose to·pologic·al layo'Ut 
determines the t:rart:sto:rrnation tensors c:::_, and A% , as 
citefined later, 
'·~---,,,.,. ... ,~,!~ .... t.b.;_e: ____ P._;canc_h_imp_e_darici1.c:m.atr-ix z-.olt~: o·:r·· ·b:ra·n·cn. ·a.dmittanc·e: 
t. . . y,&x f t·h· .... -. ·t·· k ~- . r,ix ____ o . e n:e ·wo r: · :,. 
3'··. t'rt$ ~rbi trary bran-ch vo.lt:c3.g.E:j· $Q.:q:r:ces E oe, and · branch .:c~t·e.nt. 
sources 1fo ... ·. 
. -----·-A• . 
.. 
....... _. 
r 
\ 
... 
:::1 ·"'.r, 
,·. cart be. B. current and n. voltage sources, which ar~ the 2n. independent, . 
, • .,,.,, ,r,.,,, ... , ........... _..,_L•--" •••••••••- ,,,,,,_,~, ... ,•-••,•••• ,o ••,•••,or••-••--~.....--•-•,•••• .. ··--... ··••• ~-•••••-'°"'r.-·~ .......... ,, ... _, ,••!'", , •-·-• --· .... ,.. -~-I' . ;...., .. _.. . . ..... ~~ ................. , .... ;. .. ···- ···----··-·-... , .. : .. ··-··-·· ... ·· , __ '"_.,.. __ - ;_ .. ···-. --· : ,, ~-- ,-···· .·:_,.' ·•" 
·Q.. 
. ' ' 
variables of the problem. The 'h"branch currents and !l branch voltages 
. ' . ·-' ,..-~----o, -~' ... -~-.. .i ~--' - . .. ·---
ar·e the 2g__llilknown dependent variables .• 
~ -~-------- -
-- In order. to solve the -network,- 2a ~dependent equation~ .at~-e 
required-, u of 'Whi:c!): ca;r:t be .foµn.d f.rom a knowledge .of the c'oinp.q:s.ition 
of the branches Cca:h_oniccfl. equat:ion.~)., without regard· to the: int.er~ 
t:¢:po·logi,cal diag-r.e1ni. elf thei·r.·. ·co.1J.t1:ec:tion. {equation~ .c·f constraint)·. 
The canonical equations 
Considering. only one branch o:f -a ·general :·n.e~w-o:rk, :tlte.· st:ructur·e:: ,, 
.. . ..•• 
,,-.f· :this. 'branch is ·s:hown in· Fig:. I.1·-1. 
,,_.~.,-:•,, .... : • .;•,•••• .• ; •·!"'••',• • -,-,••:' :-•. ••-"; ,,~-""'" 
-f-
+ 
Coil 
-+ Z# or Vt8o<.. 
:Vol 
,. 
:6 
.~• < . 
-"I-. ._ ... ·. -
-~ii:., ·----.....a....;,;._·.._.··--· ·--· .. _ .. ~· -----·. 
Figure II--1:· St:ruct.urEf o.f a .. n.~two~k brari:qh. . 
TJt~·- ·qr~i\c.h :c.onta.i-ns· _; 
··.,,~ 
1. a linear impedance, Zot(d ( or admittance, Y /d« ) , 
2 .. a series Voltage sour~e, Etx, , with zero internal impeda,n¢e, 
J. a Sh'U.tJ.t current source, I le , with zero internal admitta,nce. 
:I 
·15 .. ~- · __ · -~: _,., 
I 
-~ 
-~ ,,. 
The s·ign. convent:to·n :b·f the current sourc·e is •hos en. so ~hat -'the,. 
current flows from the positive terminal of a -s·ource to a posit·i:ve: 
terminal of The .s.ymbols denote: .-
' i 
. ,'_.,~-
;) 
eo< ·branch voltage, i.e. -voltage difference between nodes 
§:. and b with !.. taken positive 
= branch- current, i.e. current which- ,comes form the rest 
·of ·t1:1e· network~ flowir+g into: node 2_( +) and out 
thro4gh :node- ·b. (-) ·· 
. .... .. 
~rj.; =- ·vo.l:t~ge: dr~p. &-ct~o.ss the: .-.ca.i.l 
·J.·~: =: totA..l ,co.fl ·cu.rr..ent:. 
ele.m~,!l·t· matrices; for,· the· ~nti.rf3 n.etwdrk :with ll branc:h.es the ·tensor-
V Ol = - E oc.· ,+ :e ~-
;I.·· 
J fd = I /S· + .~ l 
'th:e .. s.e·1r:::. :.and mutual-impedanc:~s .anGl ~·d.nµ_:tt~·.fl.ces are definetl :by 
:O}un;~S: :Law:, t'e.lciibi.n·g ·coil. vo:ltage :Vo<- and ·co-il,- ·.ctirr."ent J ;S 
.. ~ 
. ) .. = Zr1.t, Jfa 
= yfoot Voi_ 
"- --- --.---- ---r--., - - - . --_) 
···r- I-_'2: -
. . ' .- . . .-I' 
. . .. . 
where: Z,;.,t, .and y,&t are square matrices and a:te. the inverse of' ea.qh other. 
··;:-. _.;., .. 
·•. 
,, 
Expressing the coil -variables · in Fq-_. l:;r-~:~ _ in terms of. branch 
·, 
variables eel and i~ · , and source variables EC)(, and r/8 , it follows that 
EO( + 90( = z~~cr/d + . /2, ) 1 --~=- ------------ --~ 
--------·- (J:1·~4). I 
rfo + . /3 = yforx (E 0( + ecx. ) l 
These ·canonicfi:1 equations provide a s-et of !l independent: 
·-equations, relating th·e ,gn.. forcing fun~tions _EO( and rtS to 2U n·etwo.r.k, · 
res.po.nses ·'e i:X and i~-: ._ :Furthermore, stating: Onm'.s Law in terms- o:f: th-e 
. coil variables :V<X .and· '.J.-~ i:s .significant, since -F.q. II-3 ~emai.ris'. in.va:riant_ 
to the manner of interco:nn-e.ction of the bt~_nch, while t_he·: _bra:n.¢.4: q11an-tlt_i.es 
~ .-.. ·-"·, 
e~ and iP vary with ·the con.f-igur:ation 'Of the- n_etwork_. 
1 . 
The equations of constraint 
~ . 
Kirchhoff ,,s Mesh- and Node-Law are· .:appii~d to ob·ta.:in. the· add·i't>ionai 
s_e,t __ of'- g .indepenclE3nt- equation~needed for the so-'l.utioh_ .o•f the rtetw.o-r_k-
·propl'.em. 
. . 
·Ki:;r:¢.phd:~fft' ~- .M~_,$.11 I.Jc1.w'. -&t.~tes. that th.e sum o··f the: coil ·vo·ltage VO(, 
-~ro.µnq .. th~ ·sfJ,me· mE?s.:h._, qr, the- sum .:of: -a.li the b·ra:rich 'Voltages_ e Ol _a.round 
,/· .,,J 
<X, = 1,2, ••• ,n 
·where 
. I 
~ = -1, 2, ••• , m desi_gnat.e$~ t-h·e number of basic meshe.s. The. 
coefficient'· c!, is the br.~r1ch·--mepf:l matrix, whos_e ·· ~1ement_s are:· 
( 
,,.., 
--·--·--·---
' c-· 
+ 1. if the positive· direction of. voltage e ex, of the DL -th branch 
does not have the same orientation as the positive direction 
·..;...l .if. the positive :cl.ir_ecti:.i9n.: 9f. volt~.g~- ·e::ot, .-of the ~-th branch .. 
has the same oriE!i:r\:,~t:i.on, as the post t;Lve directi~ the 
I (X, ""'."th mesh. 
~-
0 I if the 0(. ....:tn br~n·cn.- i-s·: no·t. con:tq.iffed :in. the ~ -th mesh. 
a .. set ·of p independent ·equati:o:ns :o·r :t·he:: .form. 
-
t;. ·= l·  · 9 · · · · · n· r-- . . .. ,:.~, , •. •;•:_; .. .(I.I.~$) 
;cc3:n Jj·e wri·tten,:. where /3' = 1, 2, ••• , p refers to· -~aoh~<·of the noci:e·:s in 
t 
·-turn, --excluding the reference nodes, i~e. to. th·e number of jun;ctioh 
\ pairs. The coefficient Ai is th.e branch-node matrix, which elements are 
+l . ii the branch curren:t i,s of the f' -th branch is coming. fro!Il 
the /3 1 -the node, 
. -1 if the branch current 1/a Of the ./-th branch is flowing t:R 
£he f,' .... t;h node, 
·-..... , __ ,.._..: ~-~·-··· 
0 ii' the i-th branch is not connected to the f'-th node. 
'f.be· stnu··:of the nunib:'er o:f ·cano·nical equations and eqµa:tio.:tis· o:f~ 
-~-
-: 
co.:n$tr,tint- ±s 4n. ·,tnd: is: t.he required nwnber of ~.q.-qa..ttqn.~. t-d .. ~.o.1-ve ::,fo·:r· 
'.·t}le.: ·-2a~--:uiikno:wns ~7rnis~~can··-b:e: . seen r"rom· ·th·~- .f ~.ll+-0~ngla ,. ·tf ~ !'7.• 
...... 
r, 
,. 
,I 
.... : .. I 
. ,{_ 
Then 
n s number of branches 
j = number of nodes, including the reference nodes 
k :s 
m.· .. = 
number of subnetworks with one reference point 
number of ·non-redundant basic meshes 
p = minimum number of junction pairs 
\ 
! 
p = j - - .k I 
·,. '.! 
m • n - p = n -+ .k + j 
n = p +m-
\: 
each 
'" 
- 't.l1is equation l~av.~s-· {p) = (n - m) network branch voi-tages- linearlr 
.~:. ' . 
p node vol tage,s e,x,I ·as new ind.ep·end.e:nt varia.ble.s. Henc·e the- .equations: for 
-
. 
the eOl in terms: o.f e~' is. written,:. 
ol' 
= Aa, eot, 1 I dv = 1,2, •• • ,p .. 
, 
I 
wl\ere· ·tJ1:e br.anch~hocfe matrix A~ is defined above • 
-
(m) - (11 -,- J,). branch curre:nts remain linearly indep.ertd.'ent- :a·nd ca·n be 
I 
exprtssed i.n :fa.rm qJ: Ill mesn currents, ·whi_c·h air-e·- :·cfesignated as i_/d and 
are also the new in.dependent variables. Jrence the equations for ift, ·. in 
., 
·terms:. cf . f:f& · is·, ·wri tt·e.n 
/. f' = 1 :, 2, ••• , m 
\ . 
. . - +- Whe!'e . again the b'.r/iri.ch~JUeih :niatrix G~'. is defined above. . --_ -. -·.~------,.----.-~~--- -
Both E.q9 •. I·I·-8 and II--9 are merely anot.her stq;t~ent: of 
,· ' 
-1-9·--· 
•..k,, 
'·"', . 
• 
'<> 
: .•.. 
. J 
.. .... 
, .. 
. '• . - - - ..... ,. . . . . . ............. . 
topological constraints imprese·.e_d ·o.n the" bra.ncrfes by-th.e network· and-. 
express dependent branch currents and voltages in the form of linearly . 
"'-' . 
ind.epende11t node voltages eol' . and mesh currents i''"' by simply re-, 
l 
l 
arranging the m or .P. equations o·f .co:ristraint. This procedure of express-
- ':~ 
ing one quantity _in· th~· f;o-rrn of another one. is -c~alled 0 transformation". 
I . J 
Her.e the A~ is ·the_ branc:h--nod-e transformation matrix, relating new 
node voli;:age~ to qld hranCh voita.geSt and C ~, is th-e branch--me:s·h: tran:s:-.: . ·. . . : . -·· . . . 
~-~ 
;fo~t/io-.r~ lpat:;r~~, :reiatiT1;g- new _.me.s:h :c-u·rrents to .old. bra·rt.·ch. currepts .•. 
Solution of the problem 
~i 
-1,J 
Three sets of equations can. b~ ·established ·using :the ·three 
r~p:resentat±ons of ·the two filridam.ental :1~ws. of linea:r networks,: :,. ..... , ·.. . . . ... ,,· ·. ... . . ... . 
.• 
I-.fo..$ .. + i/1>'· =· Y~()(j,-. ·(E:~, '+· ·9:~ ) 
~ . . - ·. . .. .. . . . 
· . .: Furth·ermo·r.e.:· ·, .. t.h.e, .fo·,11owing:. rela:tiohships, hold:: 
. ~ .~· .. 
:': ·:~ 
.. 
,, =·O ·.. ·.· 
, ... 
_":<-: .•. 
---~-
:C:rt:r.-lOa): 
Ir·· 1· · 1· ·o ·\ \_·._.:_·-.: ... :.b'i 
. .(• ·. . . ) 
-·--·~- : /E-I:-li.: ·: 
The c·_q;nor1iJ~~.l eq~~t .. ic,nS:, Eq .• II.-]lOa·,. p.ro:vid.e :n ind~JJenderit · 
-
.. / 
':, 
1 
equations, relating 2_u dependent va~:i:ab~ie~: :e.rx.., and 'if-, to t:he ind.epen-
....,.,.,.. ' 
·aent source variables E~ ~and ·r-tS·.·,,: whi:Lle t-he ·equations of ·c.onstraint, 
Eq. II-lOb, pro_vide (m + p) =-· (n) more such equations. ) . . Only n of th·:e 
-
·-2n. Ullknowns, eDl· and i#:, are linearly dependent in the equations of· 
-
-constraint, since the Mes·h .. or Node Law imposes only n constraint:s,. :·Th:e 
. ·-
other n unkno.wns: a:r~- ·1±.!$e~:rly independent. 
-
l:tr the analysis.· ·¢::f .. -~ t:retwork-, j:~·f .whicl). -~hf? branch el·ernents· ar_e 
' ..... '!. 
. . :r · . 
. Th: the fir.s·t. :case,: th-.e -mes:h. :current·s=;· 1~ ~- are :us:·ed as ,a/uxil"i~ry v~riapl:_es 
I: 
and in rthe :s·econd case; the.: node; volta-ges,: e oc. ··, are :used~ 
Mesh method 
Starting with ·the :iJnp·eda·n·c.e f'o:rm .of ·ofwi"'' s· Law: 
·c·T'·r· .·· i ... ). 
·, .. ,~: :~·4 .. 
t§. 
1-et ··t·h.e t.erms :-invo:1v1ng I .;ft a.nd E .. ~ :O. .. e·. coll.·e c·t.=ed., t.r1en 
i1 ~ (·E . . ·z .. ·n I rd \ +.·· e.·. •iv._··. .:::· z ~\j( .;_· .·i' . 
. _· f)6 -· :: ()?1-0 . . I; Vv . JV ...... ·: ' 
I 
·v.ar..ia..nt ,. $ tn::p.e ·:c -~_(e·o0. :. O·:, _:it :fo·11qw.s .. th·at 
..:.· : .. , 
... 
,t 
•.·~ --::'·"'•.' 
:._' ··_(. :.'..,.:_: 
:--21.--
/ 
7 
.. . 
' c '[; cE .~ - z (}l.;13: rf.. ) ,= c ~,. z °'~ e,j, 1 A' 
' • I • 
. ! 
,.,· 1· · · ··.r· · .. ·· :1: .. ··-4. -·) . 
. ·.·."; .. -... 
... 
' . . .. . .. ... . '3' . 
-So·iving f 0r the ines·h-c.1+rr.erit,s. i I , it :.f'o.l.lOW.$ that: 
. f)._/ 
·• /U 1 
-
= (Z ~ ~ 1 )'-il C !1 (E·~. "' Z ~f I,,€) 
.(:t::r-1s) 
~i. 
··i.s· ·th.e_: rne·sl1. 
- . .•.'. ' ... • . 
.. 
solution ma:tr-i.x:. 
·· 'To complete the formal soluJ,ion, th:e branch qµ1utt±£ies e Al and i /;9 
-
,.,:, 
~ 16' 1,>· ··~ C /{ i· . 
e·.: :::: ·.z -· ··f;··  ( f: 13· + i ~- ·)·· :._ ..... 
. . -~ ~. ,, . . .. · 
-~~ ... . .. 
•°;'.,.o, 
:F°in_a.lly· 
i .•• ·--:: 
.• ·: 
.e· «, = _I~ (4/ .·~··· Z Cf;t F:~~ ... (Z@J}/) ~l c~/ Z ~/~J (I ,r@- y 13oc E«) . ( II ~1~J-"--· .... __ 
... ., _ _._.-_... .. ··- . .. . . 
The term C ·~ 1 (Z,ot~l) .-l cj1 in '.Eq .. -IL-l:7 is the branch aqntit---
-~ 
tanc.e matrix~ relating brandh currents i;/3 tq. eq_µ:i_vaJ;ent voltage $01:U'Ces, 
j .· •.. 
..., 
. -
... 
. . ~ .. _......u~~8WkL~f61t,,u;&,'•1iM,11!&St.!6.t~'~~..eti.951A,.~Jt,t.'b,.,~.i,•~~~~~~~~t..~~~~.~.W.."W~~W.l'l"°"""a~-.,-... ~ .............. ·--····~-~---· 
(E ~ ~ Z & ?, I 1,g)., .in ea ch , branch. Apa.lo-gously the- term 
' [z otf·-- zcx; cJCztx13,r1 cf, z~~] ~-is the ~tanch impe(iance lllB:trU, relat-
. . ,ll 
:ing. brap.:c):1 voltages eol to equivalent current sources, (rf> - yfaoLEoc), 
in. -ea.·¢h. branch. 
Node method 
.. ·~·: 
F,or the 11ode metb.o:c;l th:e' -s·ame.· ateps are perfo~~-q. .Sta.tti"ng wit_h 
tn:e· .;ad:ti:ii ttane~ =f.qrw :of :orun.rs- Law. and -c.ollect~g t~:r,:n.~- invo.J. ving: r::16 a·nd 
.E ...• 
. ct,·· 
( I ft) :+: :ifit )· · ~. Y'(?;.d;, .( E ..v + ,_e · · •.)·. 
. .. . . •. . ..• .. (/.'-:' . . -~ 
. \: 
} . 
ect;ui valent ::current: so~ce_s., leaving_ the bra·nqh ·qµapti.t:ie:s tnv9.,riant. 
·'/ . A: A- ~--.. =i 1;..i· = 0 • 
-----~- ··. . ' 
.] 
__ ·--. . =,· A·ol- ... i 
e ex:- · _ ... ~ _ e __ ex.,· ( I-I.~·2(l} 
··c--·· .. -__ · ): : _: '.IJ-. ..;,21_ 
.. 
matrix.. 'The rela:t·ions 
-- . . ol I . 
e ~ = Ao<, e oc" 
- . -.-- ···-·-·-~·-~·~·- .·- .· _-
:.- . 
·" .(11:~22) 
'a • 
l 
.... 
I 
I 
I 
-, 
·- .. ' '·- - -·-,-- - ' -· ·- --------· -· . . -·-· .... _..... - . -··- .. 
provide the necessary eq·uations to arrive at th·,Ef :_so-l:µt$._Qn_ for the branch 
quantities e ~ and i;B : 
()(. I t3 ~I· -1 . . 1 .. - . . : . . .. :·. r.i; . . . 
• e oc • .,A Ol (Y' · ) · · A1a (I;B - yA Ko?,) 
·/s ,. ry,;8~ .... yf.xx.Aoc' (yi&.')-il A#. 1 y/,,Ol](E. -z ·· rrS) i ~ . . . . . . .._(X,,_ . . . . • . . , a . . . •i+ «:f ·(- 1I~2·4' · )· .'. · ..' .. - .. -.. . . . 
:_~.-
.'~· G.: 
·: ~i-- :l)f [-~} &:I 
,A:g~±n, the term A.,oc._;Jy/~ ~-). ·_· A:~ is an equiyal_e}nt expressio,n- :o_r· 
t .h b h . da t . . d" ·r_. ··~y· ._.!JOt - y i)f)/., A_~ I ·.(·y· ll:~ l _).-
1 A.1' Y .. ~-t;/_] .. _.···. ···. ·.1~·.s· :_:-.:·e _ra.nc 1ID.pe-. nee ma:· r1.~ .an-·: L 1~ P V'-- t-J ,--
.. .. ···:· 
another form of the b:rflne:J:1 admittance matrix • 
. . - .·.··.' ·.-. . .- . . : .... 
B. Kron' s formulas for intercennected systems as a form of 
transformation 
Kron's formulas 
·the· final equa.tio-n$ fo:r·· the solution of inter-coi1n.ected netwotk·s-,, -~s 
$.hown ft_n~s. 11--·2,-_-a·nd :J=~-:---~6, are giye_h wJ:thout exact proo·f.-.: .A ·de.r±va-~=. 
- - •-•- .. ---·--~·-•--... -,- ---·~,-~-----~-• ---- ~~-----~--•~•• .-•~--- --a--•---~-·-·-·-·-• - ·--·-·."' -·--. --~--- ••••• 
t:ion t:)._f., these equations will be given h·e.r.e-. 
l-n Kron' s not~:t~ton: the· _g_enera.1 equation · f:o:r· t.h·e .$OJ.)1t_i9·n: .oJ: 
·no.q.~ ... :nf;rtwo·r.~s is given as6c:,8· 
.. 
E = node-to-ground voltages 
···---~ ---------C~;-~-~~-::~'::·=-~--··=~.:.~:-~='~---':-~-.:.==-=~--·I.~----.-~-~i.mpr.~~~ec:l~=nnd:e __ · c_ur:r.errt ____ s_m.;i;<?~.s:- --~-==--"'·-~'----~~--~~;-<·-· -~ ,_·_ · .. ,:.· .. :_~·-·'----···-·-· ···-·- --~:· -~- --~-- ........ ~ ::.-=··. __ : _ .. \.·. · · 
z1 = impedance matrix of subnetworks; io'e. node So.lUt;fo:h IUa:triX 
of the subnetworks 
z = impe~nce matrix of the intercorm:ecting links 
C = branch-node matrix ("inter'cormec.t.$01;1 rqat .. rix"} 
( 
.,; 
·• 
·4;. 
. . 
. . 
The general eq1+0.tio:11 o·f solution for a mesh network has t.·he same 
< 
fa.rm as Fq. II-25, but each term is replac-ed by its respective dual for 
the mesh network:· 
where the symbols d·enote here 
I s mesh currents 
E =- impressed mesh yoltage sou:rc.es: 
Y1 = admittance matrix of subnetworks, i.e. mesh so,l:ut_i<;)n_ ,~tr~. 
of the subnetworks. 
. . 
y = impedance matrix of the interconnecting links.: 
C = branch-mesh matrix ("interconnectior1 matrixn) 
Derivation of these formulas 
In this sect.ion. Kron' s formulas fbr piecewise solution will ·b:e .. 
·fu. ·this, derivatlon and a·1:so 'fbr. the· rema:inder .of t-he te~, will. be d·.e~-
_:fitted; .a.s follows::· 
/ 
.... _;~ Ji~-/ 
v~ 
·i·./6 
·= cur'rie:h't ·through co.11. 
= voltage dro·p acros:s. =co1J .• 
~ branch c~r~ent 
. . . I 
1_-~- = mesh-current 
i~ = current source 
. I 
ti; = equivalent 'impr.es:s~d -ncide. · ·cttrrent 
eol = branch voltage 
e.i. 1 = node to ground. vo·1t~-ge. 
Eot. =- voltage source · 
E-~--=-- egui_va·1e,nt. · '1.mpres·s_ed loo__R :vol~t~·a-!'-:,:g"--'-'·-~---· _· --~~ 
A~, =branch-node.matrix 
C ~, = branch mesh matrix: 
.. '?rxf = primitive impedance matrix or. network 
. .n_,. ·.5· 
. ·-,:::;; ·-
.,, 
.:_:.:_ 
• -. ,:., ·• ' II Ml 
I 
. ..,._ ... _ 
,. 
.. ) __ · 
\ 
Ctx;:f} 
:('f:'.JS:) 
c~. v.) 
.. · ) ... 
y(2:tx. • primitive admittance matrix of network 
n a n1llllber of n~ork branc~es · 
p 2 number a·r node·· pairs (non-dat11m nodes) 
, ..
m • number of basic ·meshes (non-redundant 111eshe.s_} .... : . - •°"!;: • 
represent all t.he n branch qu.a-nt.it:ie·s. 
-
repres-ent all the quantities r,ela-tec1 to: the .in J~ink branches 
-in the network 
represent all the quant,·ities related to the p tree br~nche·~: 
-in the network 
In a: netwo·rk configuration a- tree is defined as a selection of: 
. . 
connected 'b.ranc-rres·, whi.ch have no closed path and whi:ch comprise all 
n·etwork nod·es a·t:- ·.1ea-s.t. on·c:e.::. Th:e :remaining branc·h·_es, the link branches, 
close the open. tre:e path.s __ a-nd form mesb:e_s i_n the rie.two.rk. Hence the 
-
compohent-s-., (.1., v), and l±hk: .component·s·., ( r ,. -.s)_, provid.es the key -to· th.e 
-l:..... . ...... -- - •• _..,..' 
---· . - ............. ............. _. ____ :_, _____ .... ..:... .. -·----------·-;r-·---.................. ·t· --···---- -- .. -- -------.. ·--.,-ri:;;;-·-----------r-·-------.-----·;---·-:i:,.-·-------~--.. ·--7"'·.---,i,·--·--··--·-----......... ..,--_-.... -_ .... -~ .. ---·---_ -_ --~-~---,--,-··•·--~~-" ... ·--·--·-;tt-.--···--------t'"'t;;-·· _______ ., ________ ......... A-... ----·-·" ...... __ ---1t· .·_- ·_ -~ · ._- ·.- . · .. ueriva ion. J.11e aJ.m 1.s liO .. uerive: .an. ,expres·s1on ·J._Or .ue p noue vo. a:ge.s·:----------.. ---~-------------------·-- · 
-
:using Eqs. rr~1a ·and 
II-23, respectiyety~ 
··. ·, 
.. ·-~ - .,._ .. ,,:..., .. _.,' '-;· ···'- ,.., . ---=- .. :... . 
.... ·. if.,= C~I if-.1 
.. 
---~~l~~: :m--.. --.--- ... _______ - -. - ·1 __ .I:_J:9)---""--~~----"''-· ... ____________ _ 
(i' I~ 
(d =-1, 2, ••• n 
--~··2·6---· .. ' . " .. 
- :.'•' 
\ 
'• 
. .,. . 
the u branch currents Ii~ ·:2an be _ezj,resSed-in teI'IllS. of m mesh curreiltS -
ifo' • The currents in thf,3 m link branches trarisform direc.tly into the 
-'"· 
·m mesh ·currents, whil_e the currents in the p tree tranc·hes are speci-
-
fied in terms of the ·m mesh currents. With the index convention as 
defined above·, .. Eq. II-9 is rewritten explicity2b 
--c· .. •1-J-:~2-.1---J. 
·· .. 
.. )' . 
. I 
':s-ince fJ = link ·var:Lab1es .• I . 
V \ . . S 
._·u., .. ·; z : 
.. L..,V 
t----~-'--'---'-'---'-i-
1· 
_ ~-~-""-·· -_z r_:_J 
which ls a diagonal matrix without J#utual terms be~ween Zu., v and; Z Y'S' 
··Th.e ·"bra.rich· voltages ett,, as- given. in Eq. II-18 
·can- be partitioned accorditigly··:: 
. ~-
,,_ ~ ,: 
l 
_.,., 
. --- -- .:...~-::. 
·.·2·.··7· · ~- -:, -~-· 
...... 
-~ .. 
.( 
• 
- . - ··-···~·-·--,-.-~-.. . --
\ 
, ...... ., ' .. -. ' - .- ---·--~ - -- _. --- .
 ~. -' ··-·--- ' ·-~ ... ·-:~-- .. -c: ' .. -· -:-·.- -·· .,-.,. - ... . 
· Since 
-------
-·-
. . .. . ,.· .• . -·· . 
- .. ___ _...,..,...___,....,.,.--'-· . - . -'- •·. 
- Zu.v cf, (c~, z¥ G1, r:tcr~, Z.rs. 
· ..... ·. ·.. . . 
. . 
-··--~--- . :· ... 
\I vu., 
-I. - y \~ (E u. 
:, .... z: __ ·-
.. r~ - Zrs o;,rc~, Zoc,,e C~,,~1cft, zt:S C I~ y.S(Er-
-:--·-·· 
C oc ·z· ~Ac·f::/. =r- ,c: v,·. ·z·. ~ u.. . SI ... _(X,,( ·_ ·Y' I: . . . s·: . :l.,(.V u r I 
[ 
1 J. . · V - ot . · · ·. '~ · ·-... ll. :'- . : · Z: wv_· - Z,_,··v· · G ·_ ) .( c: · _ .. ·i z.;u_·f.l._ :C fo_. , _): ·o·_ -, .z.;:,,v_·_ · . . --·· ~- · s s -~ ·· r ~ r ~-. 
.,. Zuv cJ, (cf, Z~t, o ~, )...:1 J ~' z rs 
. . . ; .• ·[ ,z: . ' ' e. · .. _· ·:·UV· 
:tl,, ' .. : ... •., 
. . . . I 
C· .. __ .. v .. r-~_-... .. ,. 0 
--:$-. . .. ·. "' . . .'-) 
Ref.erring to· Eq. ·11-10, the relationsh;ip . .,, ... _,,.--.=--'· 
.i'· J .. 
(I'l-2$); 
.... 
•.ti. 
{II·~3:0): 
(II~31) 
.f· 
····-- ··-- .. ···---·--·· -·-·· .
 :.· . .. · .,.·. . . .: ........ · ----·------~-·---~-·----·-: ·--····-·-··-··---···--·-=--=--=~==-----:=~===:--~-----.. --.---------=· ·=··-= .. ··- =---··=---=·--.c==.--·=---~ =-=·· =---ur:t"T.T - -····· ·=· =· -~-=-·=··="'=··· -~-----... ·-----.... ~ ..... ---=--~~ ·. .. . . .... . - - ------------,• -- ----------------·-.. .. -:- . - - . ___ _, ____ - --··-·. 
u' ce 
A~ C _s/ = 0 ( If:~-34} 
.. 
... 2·8-
-:_;.· 
', 
•' 
~I 
' ' l 
C v, v . -,... U.· ·c· \,? + A lLI. :rs, - o s ;s-rt,v. ···s' ._·:.-·_,:'(Js 
' 
J .:J . s.,.· ,_ . :$! ... ··,;: 
:So.iving E.q. II-3 5 fcrr- G_~-,i: ,: 'th.ere. '.j)3_: 
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rhe ;~$J1-cur-:t.ent .. s i r may be deri.v:ed :in· similar: fashion, assumi!l:gi 
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the fiha:l -re.suit !o-r the mesh curre.ri'ts. ir · ·:is·:: 
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:the· .:network and. ·th.us J~ut·t.lng: E ·cL =. 0 in ·Eq. t·1~41 -and I-~ t=·· 0 in F.q. I:1._43· 
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=- nodal solution matrix of the_ entire network 
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:r mesh solutio:n matrix of the entire ·n·etwork: ·._ ·. ·. .. . . . . . •' . ·... . .... . . . . 
·Eqs. II-45 denot_e _____ tJ1~t. ____ t_b_e n indi vid-ual branch current sources ·-•••H•••-•- r .:---••,: -,:-,._,_ •. -·•,,_,;_ .a:..,: • ..._ ,,,.a:.: .. ,--- ·_-,. ·. •~·-• '_, ' • • ..;, ,..__,_,__,,.__._~' •c~, ·•- • ,-.--- .... 
• • 
__ _ _ 1;., I are .conf:_tn~d to p equivalent node current· sources I and the n indivi-
-
-
d'.ual branch voltage sources are c.·onfined to m equi valet1t· mesh vol~ag.e-
-
sources E5 , in .serie~, -with the 1:ink ·brar1ches. 
Comparing th~se expre·ssio-ns· ·-ih. Eq-•. I-:l~44 with t:h~- form.ul.as-
gi,v.eri by Kron, F.qs:• II-25 and II---Z6_, 'it: is seen that the·. ~pove: de-rt-va.--. 
·t-io·n lead_s to.· -.t.n_e :same. results ·for- ·t-he :node-to-ground vo.1..tages. e·.v' -and"· 
., 
t.Af3 -me·s:h currents ir • -Tl?,e nod.e· ·volta:ges were: cfer.ived :-from the :branch 
vc.fLt.a_ges. as determine.d b.y· th.e: 'me:s.h method:- .cri'· :a.nal.ys:i_s_,,. ;wh:il.e· the. m(fsh 
:. 
nod·e method. A,lso-- th-e: .noo.e and. mesh soluti_on· ~t~ixes were calculated 
.by th~ mesh- arid: -noa·e_-- ·znet·h-c>d, respectively_. Only the transforma_tion 
oc' --- . --IE tensors -Ao{., ~-rtd CJ,:3' :a_r.e used, partitioning: the mixed quant,_it.ies Ol and: 
/;· intq·. -lirik: a.nd- t.ree terms. 
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· Interpretation 
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The node Solution rnp;trix £or 'i given tree is Ai, A ;1 Zuv 
~ 
and the nodal solution matrix· for the separated link$ is the primi-
ti ve impedance matrix Zy1, s, • These solutions can be interconnected 
bY the topological matrix A:!/; the overall E!OlJJtion: is found in form 
l . .·, 
of the tot.al :node solution matrix for th=e. :en.t·ire network. 
Also, the. riodal solution matr;i;x Z,u'VJ can be regarded as repre-
sEiliting the IJOd8.1 ·solution mat;rit:ee of the subnetwor~e to which links 
must be add'ed as specified Py the :ma:trix Zyt$ 1. •· TJ:ie. links inter-
c·onnect the solutions of t'he ,-$'tibne.tworks, t·hu_:3 .forrni'ng, a- so:lutit~r( .fo-.r: 
The ir:i.tercohiiectio.JJ.. process becomes qJ.earer When visua].izing 
· lil'ad±al tree'' c.onnected to the re:f.'ererice· node. The ihtercqnneot·ing 
ts, 
hrari.ches are the "1ink:s'', JOrmihg closed paths (meshes) as in Fig. 
II-2. Jt w:i.11 be poirited out SU:bseq1.1eri.t1y that a phy:;iicc);l nodai 
e~ui valent "tree" :repre$erttation ;for the sll:Onetworks with respect tQ 
This 'Wi_ll 
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Figure II~2:· Interconnected "radial trees" 
C. Piecewise Solution by Kror1' s Method 
Kron' s formulas give expression for th:e :nqd._~·~to-ground vc,1t:~-
ages, e ()(, 1 , and the mesh-currents, i ,8' ; t'hey can be used dire.ct:~y-
for a numeri:cal arialyais of large networks with a digital comp'Ut:iJ3r.. 
T.h_e ~in: ta-sk· with respect to a d.i·_gital. ·compute.r- soJ.µtio.n .is t.o find 
. 
' 
.• 
For the pu_rpq.:s·e -of.. 'st,-"lvihg' :la.rge ·n.etw9fks· oti- ·~t ::netwo:rk 
:analyzer the n~d~-t-o.-g_:round: volt-a.ges erx_1 'an¢: ·t.he p_ranc-h current:•s 
i/3
1
, are mo.re comrenienUy obtained than the solution in the form of 
\ .. ; L. 
::lmp:eda.hce or adrnittan..oe mfltrices. A derivat_\q.1:i and explanati.o.n . . q.;f' 
··for· -eva.luati_pg' tn:e. :proJ,.er ;st'eps: fo:r: 'a :h¢tw.c)rk analyzer sol-µtiqrt:. {J-- .• · .. , . 
".).'). .. 
·-.;; ;J.. -
.. 
.... ·~·· .. 
·The .Droblem 
'li . 
Assume the c~rquit -of fig. rr·-2 to be given, representing an 
at each node. 
Tb 
·-~ 
l'f 
Figure ,Ir.-3:: T9pc).og-tcal_ co·nttgu.r~t·.ion .o;f an arb:bti·ary netw9-rk 
-Tl1.e. known· ·q:q.anit:::Lties .. are: 
· 1. Th.e .(~L4} b-ran ch ad.mi t ta.tic e_s Y ~o<-. 
z.:.- 'rbe. rp.agnit-ud·e :of·· t_be { 8} ·impress·ed :nqde current 
I 
sources I f3. 
~ 
'rb~: problem i~r tc;, find the (8) no:q;·e.- _po·~entials, e i' , :W}fi,c"ri a.r_e. 
-®k.nown dependent variables • 
. Preliminary considerations 
Although the given network example is sma.1:i ·enoug-h tb ·b.:e analyzed 
proc··ed·ure· .• 
(. . 
. ...;3· J'._~ ~ . : "+ . 
r'r 
' 
.. 
Kron ,·s method of piecewise solution invo·1 ves three main. steps : 
1. Tearing the original network into several smaller subne~works 
r-,; 2. Solving each ef the subnetworks as an independent problem 
3. Interconne.cting their solutions to obtain the overall solution 
to the original problem. 
Corresponding to the first step of the analysis branches 4 and 
14 of the network o.f. Fig, II-2 will be ".cut'~ or tttorn". Other branches 
might have been torn but cutting branches 4 and 14 is the most advan-
tageous dividing.line, since two subnetworks of equal configuration 
are formed. 
·./ 
Temporarily~. as--slUile that. the proc-e.$s of tearing will not change 
the .electrical qua·ntities in the two subnetworks, This requirement can 
be met by cutting the system and inserting at the points of scissio.n. 
fictitious current sources, r/d', whose magnitudes are equal to the 
branch currents, i;B, flowing in the torn branches before the net.wor~ 
was torn, In t~e example, the fictitious current sources, I4 and r14, 
replace the link branch currents, i4 and i 14 (Fig, II-4), The admit-
tances of the cut branches are retained and added to either one of the 
subnetworks • 
J 
,, 
,,.. 
t 
,'11 
. ·'--.: 
.' ~ ... ~· ~-.;·. .. . . 
- 'I-~ I. 
. ...... . . 6rovnd 
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Figure II-4: The "cut0 network 
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-
., r~: 
Seen from th.e subnetworks the cut-b_r~r1ch currents act like irn-
::Prf)ssed :node current sources. Ea.c:b :_subnetwo·r.k can now b.~ ·so:ly.~d: ·on a 
.. . 
The power diss.ip·at~d: in tn.-e orig;in.,al ... and. th·e t.o.rn, system: rema:ins the. 
same. 
J . 
JJe:notit1g 1:-1¢: as ··the: ··true- impressed clirr.ent :sources· at ·the int·era....: 
•••• • • • ~ •• • •• • •• j •• •.. • 
·. I 
na:l ·nodes o·f the s.ubnet:works :and .d I /3 as .t·h:e node: current sourc·fps·: ~t 
·th.e cut bra·n·c·h·es.,whic·h. :are· cot1S·id:ered. to be J;irri.pressed", the complet$ 
so:Iuti·o:n. for-·' the enti·re .. network· ·becomes: 
I 
' I ~1 . . I 
e Dl I a ( Y /3 ct; ) · .( I/,e -~1. + A I/':·(). (II-47) 
.e . I l .. 
El ~t are the node-to-grqund · voltage§ ~nd . (Y!- d., f 1J.s the node $o1utfort 
·matrix of the, tota.1 -.ri-etwork ~-- -- -·------ ---- · 
. I ) 
' 
(. 
) 
~·· 
=F . 
/, 
• 
·> 
\ 
1 
,. ( 
The solution 
1, The network response due te ,--the current sources 
alone, can be found at once for the separated subnetworks: 
\ . 
·'. 
~I I , acting 
J tJ.' I l /.JI 
I (yt- "' )- I /,,;;J 1eoc • . (II-49) 
I - . 
where 1 eoe- denotes the node-to-ground voltages for the nodes of the 
I I 1 
subnetworks in the unconnected state (Fig. I~-4). (Y~ ex,.)- denotes 
the nocial solution matrix of the subnetworks without the impedances of 
the cut branches. 
2 •. The node voltages, 1 ex' , for the subnetworks are not the 
same node voltages.as in the original untorn system; they do not yet 
r 
include the influence of the currents in the cut links, which develop 
as a result. of interconnecting the subnetworks. 
The currents in the connE,cting links are determined by the 
voltage difference between the node-to-ground voltages, 1e°"
1 
, of 
corresponding terminals. 
IC! 
. Jb .. 
Figure II-5: The separated subnetworks 
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The tie-bran·ch voltage is · 
(II-50) 
ct I 
where A~ is the branch-node matrix as previously defined, 
I, 
3, The mesh-path for the tie-line current can again be visual-
-ized by equivalent '•radial tre.es0 for the subnetworks (Fig. II-6), 
..,..,._  ,,___ --,,-,-, ........ ---,---,----- ..... 
Figure II-6:_ Equivalent subnetwork representation by nradial trees" 
Th.e impedance of the equivalent subnetwork reduction is the · 
' p x p nodal solution matrix·transformed to the axes of them inter-
- - I 
connecting terminals by aid of the transformation tensor A~: 
tJ I J -1 , ;;; 1 , !.l 1 
Z ~ft • (YI" rx, ) A~ A/B • Z otl' A~ A;e (11-51) 
The impedance of the total ·mesh-path for each link in- ·the inter-
connected system, (Fig. !I-7), is: 
where z "-~ d~notes the link branch impedances, 
4, Considering the link branch voltages eol, as independent 
ya:riaoles, the m currents i~ in the interconnecting branches, as 
-3:-9~-
·.' 
(11-51) 
- •--- .•.. ~ •. , ... ~·~ ... _7•:···· .• - .• ""':. -
-
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caused by these voltages, can be calculated as: 
;_-- ·; 
' 
. (6 
J. 
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Figure II-7: =T.b:e influence of interconnection 
5. The currents i[t; alter the current distribution and thus the 
node voltages in the subnetworks. They cause the same response in the 
I 
subnetworks as impressed node current sources r;S • 
. 
Considering the currents \,,a as branch current sources r/S 
,, 
·11 
\ 
\ 
.fl ... 
. , . ', 
these sou:rc•i.s· ,c:an be transformed into m node current sources '6. I·;8 ·b_y · 
Li I /3 1 • A ~ 1 I (3 (II-5:4.): 
The network responses causeci :t{y ·these "sourcesH are p node 
-
voltages 
•'· -- r"'" 
.. -
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1~ e~' .. (rft« ) 11 I,A (II-55) 
=- (Y/6 bt' )~1-A .. ~' -A°'.i" A.1 . :"_.:r z:_1 ... ·.'.(j 1 ·+ tJJ-l Ar;<,/ I 
. t ,_ : .. tk .. l ~ ·. ·cx..-/1~ . z ~~ °" 1 e ol- -
. / 
, .. 
I 
·' 
• ·>-
·, 
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;J I 
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where 1~eol' represents t,h.e influence on the solution of F.q. II-49 due 
f. 
'I 
·to. interoorlI1~ction • t 
"" 6, Hence the final solution--the node voltages eOl' of the 
original untorn system--is: ·" 
e ot' • 1 e rx.' - 1 L e r,(,' 
11 a,~, -1 t,. . .,_ -1 'f:·1 . IX' e, -1 
• ~y 1- ) - (Y .o(... ) A~ (A~ A~ Z <J'f' + z ot~) 
. A ~ 1 (y/3'~') -l l I I>' (II-56) 
.. 
where 
·comparing again Eq. II-56 with :Eq. II-25 -tt will b.e observed 
,that. ·both equations exhibit the same form _for th• node voltages eoc' 
~-,'";c_,. ..,... 
oft.he interconnectio.rt- =~ystem and the above explanation .of Kron's 
.r: 
.ro:rmulas has led to the -e.ant.e. resul.t. 
,1 
, Conclusions 
From the derivati,on :in: :·S:e-ct'ion ·:B .:and :the. -ab0ve explanation t:ne: 
r·dlldwing conclusions can be. drawn: 
.... '•[ 
a. Kron' s equations for piecewise solution are· an exte·nsion ·o:f· ,. 0 
··"'-...:- .. ~ ·' .. '·- .··-- .. -.. ·.--·--· -"'••'··- :---··-.. -~ _,.,. ~--··--~···--· .. ···•-·"· --~- . 
the classical ... m:ethods of network .a;nci+Y~:.is •. 
·. ! 
b. The proce·ss .err tearing a.:nd ::p·i-eci~wi.se· s·.ol1J.:td~.on -'¢an: ·b-e -con~ 
.;; 
···4.·l· ·_·· ~- ... -
·, 
\ 
. ·-. "';._ ....... ,~ ..... ~ -. .. . .. . 
', 
c. 
1· - -
-, ·-~-·--·- .. ··---- -···· 
the· solution of the subnetworks in the form· of ~lle node 
' 
solution matrix Z Ol;S' is transformed by aid of the trans-
°' I formation tensor A o<., in order to interconnect the solutions.· 
\ for th·e subnetworks • 
~ry network which is torn and interconnected again must 
be regarded as an orthogonal network, in which both mesh-
·,. 
variables i p.,' and junction variables e/Jl' are present, regard-
less of the fact that the original system was treateq as a 
-
mesh or junction.network. The constraints, which appear 
at the points of cut, are the dual quantities of the im-
pressed forces of the original system. 
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THE NETWORK ANAL'YZER · .. SOLUTION 
.• - •. • ... ~--· ' ': •41--:. ~~,; •• ,,...~~ .•• ':'ii;;!" 
The discussions in the previous chapters have dealt mainly with 
_ the .. explanation of Kron' s method_ of piecewise solution, This method is-..., 
., 
often used. to_ sol v.e large networks with ... the aid of digital computers, but 
1" ' ,/., 
r 
follo~g ~he steps of. interpre.tatfo~ ~) given in Chapter J;J, Article C 
or. using the metho~ indicated in Chapter I,Article B, the task of solv-
ing large-scale systems can be accomplished using the network analyzer, 
i.e., the analog representation of the network to be investigated can be 
\ 
analyzed diractly without employing mathematical to9ls like ma.trices. 
Solving the problem by measurements on. t·he network analyzer leads 
• 
·to :reauits comparable to those .. obtained using the digital computer. Addi-
tionally, since the inversion of matrices u.::ti9:g .-a. digital computer requires 
a digital computer solurbion, since i;mped·anc-e _and ad.mi t tance ma trices of 
networks ·can easily be ·m.easured on the. network :a-nalyzer .by conventional .. 
. - I· 
methods. 
A. Solution with network analyzer alone ____ ,,. ___________ _ 
..... ,.. -~·- ...... -~--~ ··--- ..... -- - ... " ·- ' .............. "" . ~- ... -.... ., - ~ ·-~ .·.,.--~:: -.· ' .. - ·- .• : •.. :., ..... ,,-- .. ,.-_ .. ,.,:·. ···i •r, ; ... ·.<"" -~-' ,;-•• -• .,·~--~-
Th·e problem is to solve the system completely b.y ta~i.ng· ro~as11:re.--
- ---··· --men-ts --selely--e-B----th-&·-:·network analyzer. 
'. 
General_+Y,: th~ v~riaole quantities ·-whi:c·h: '.ha.ve to, ~be fo-und. are· 
'·f 
e·i t'her,· the n·ode-to-gr.ounq voltages e D(, 1 or the: mesh· cu:rr·ents· i/3 • 'The·: 
: __ .1:.·3· .. ..,;.: 
·'+··. ~ .. 
.:,,:. 
. .. 
I. 
1 
. ~. 
network analyzer is a device which can be used to measure node voltages 
..;<q . ' 
and branch currents convenientl,y, but cannot ~e used to simulate the 
f'ictitious mesh currents, introduced for convenience in the analys-is. A 
system solution usµ1g the network analyzer is therefore restricted to the 
evaluation·or node potentials. 
The.steps, inc~uding measurements, necessary to analyze a large-
c · C 
scale network on the network analyzer are: 
· Step 1: Sectionalize the given system into a convenient number 
of subnetworks (Fig. III-1). 
v .. ----:······ 
Actual ·network 
-> ~ 3v6network Jl 
The two subnetworks 
-::Ftgur,e· III~1:· The original and ·the· ·tq:tn sys.tern· 
' ' 
., 
-44-
. ·. ·: ·~·:·.: ...... ' " 
·-' .. t 
-
• 
··• 
1· 
----~···-·- .-~- - ,. - .. "' 
·\, .. 
Consider~ns such as 
1. dividing the system into subnetworks of equal structure, 
'""'-.. 
:'ti. ' 
2. the nodes of primary interest to .be retained and 
.\ . 
3. the number of elements available on the network analyzer· 
() 
- J 
are important, but the discussion of these considerations will be deferred 
for the moment ( see Chapter IV, Se.ct~on A). 
. ,: 
Step 2: Set up the ind$:vidu~I .. :S-\lbn:e.tworks separately in succe.s·s.ip:n,, 
apply the internal ·noqe: current so1+r.ces and measure the node potentials, 
1 er;{', at all juncti9n.s: ~n. tb~: :~t1b;n:etworks. 
Step 3: Evaluate·. :PY calculation the branch, voltages, el;)(..., of tht3 
I 
:ll.hks as the r voltage diff·er·ence between the corresponding link nodes of. 
·th:e: c,ut branches, usin.g· the "open-link'' volta-ges ·as det~rmined in Step 2. 
I Step 4: Deterndne an equivalent representation of the subnetworks 
in the passive state wi}'h :t.ess elements than the original subnetwork by 
terminal test mesurements. With open-circuit voltages and short-circuit 
currents known, the impedances between the retained terminals and the 
reference node (ground node) and the impedances between the terminals 
-can be calculated (see Chapter IV, Article 2). Form interconnecting 
terminals the subnetwork can be reduced to m(m-1)/2 ·impedance elements 
between the terminals and between the terminals and the ground node. 
Step 5:_~_Set~-qR the equivalent representations o,f two passive 
subnetworks (or groups of subnetworks) and interconnect them by inserting-
' 
' 
.,,.. .... 
. '."':\ 
::-. ··:.:..-,, . .•. -·-' 
C- , 
__ ........ ' .-•~- . 
•.:,,• 
. ....... ····-· ,... --, -·· . -·'--·. 
l .. 
the link imp.edances between corresponding terminals • 
• - • • • •• .J. •• • 
Step 6: Insert in series with each connecting branch a voltage 
' 
. . generator,. e<X, of magnitl1de equal to the negative of the difference ------
. ~ I between corresponding terminals. as determined in Step 3 (Fig. III-2). 
.. . 
ti! 
... 
....__,....,___-il .-.-of~ -- . - . "'' 
LB SubnefJ.1orit J[ 
Figure·rrI-2: The intersection network 
--.! 
i 
. 
This network is the so-called hintersection netwo.rkH, which repre-
sents the subnetworks connected, with only the interconnected 
t terminals retaine·d. The networks are connected by the previously torn. 
"le" . ,. . , .. 
·; · ..... _ _, ,. 
.. 
.t 
links and through the brElin_:ch· ·voltag·e generators epe. 
Step 8: Calculate tJ1e :actuEfl. nod:E3 potentials at th··e· link t-ermi·na-l_s_ 
by ·:adding the solutions. fciurid in. :St~p 2 and Step 7. 
---·· _ --····------ __ ~ .: ~-~ .......... ·... : .. ·.:· ..... · •.• ·_..·.c·.d.~,.·· .. ·(:.rr.r-1)-
..... - .. ·.· -. · .. 
·-
,. 
.I 
'--
I 
I 
'T 
... ,, 
f ' ... ~·.,. ~ ... ·.,..:- ·.:····_,. . .., . .,:,_. .... _ ........ 'toi,, 
:. 
·--
. ' 
: . .. ·-·-_,.· -··-·- . 
_Step 9: In order to determine the effect of tnl:f link ·volta·ge·· on· · --------- --
the terminals that were eliminated by simplif~}~&tion of the subnetworks, . 
set up successively the individual subnetworks in their original 
0 I 
configuration and either 
- l. 
I a. apply only the correction voltages, 1 A e°" , of the terminals 
as specified sources and measure their influence again on the 
other nodes of the network, Then calc ila.te the actual node 
potentials of the nodes by adding the corrections to the node 
voltages determined. in Step 2, according Eq. _III~l, or, 
-b·-~ :apply the interna:l sources in the subnetworks and :_·ma·inta.i:ri "tn:e: 
·po.t.erit,ials o:f the· .terIIµ_nals ·at the sp~cified value: as 
.-. 
de.termined in Eq:. I_IJ-~]~ by connecting load elements or 
generator elements -to the terminals in order to lower or -to 
,raise the terminal vo'ltage, respectively. Then measure the 
node-to-ground voltages at the other nodes, giving the actual 
node potentials directly. 
·Following this sequence of measurements and calculations, a:ii o·f 
the unknown node-to-ground potentials at the junr.tion points of the 
network can be determined. 
B. Network analyzer as supplement to -a digital solution 
" 
,,,, 
It was mentioned that the major part of the calculation time for 
a piecewise solution with a digital computer is required for the inversion 
-_47.;.:: 
h 
I,' . .J' 
of matrices. Measuring the inverse of impedance- or admittance-
' 
' 
matrices on the network analyzer can save computer time, 'especially 
if the matrices have no symmetry. 
-· 
I , 
Using the network analyzer, the first step in the analysis is 
.. ~··--··:-:r-
to find a set of matrices, Zrx..~' and (Zotf )-l from terminal measure~ 
ments of the system. With these impedance matrices lmown, the voltages 
can be ·computed nl.Ull~ric~lly· -using a digital :c_ompute.r' :for given values of 
E (X(; or I ~ •. 
Step 1: First e·stablish the Zoe~ 1 -matr1* :o:£ e~_ch- SJ.1.b-n.e:two.rk: 
\_ 
·-·-:::· ... 
./ 
I 
• u. ·---•-• ,: O ··--- .. · ·-·'.._' . M .... ·.,·-.,-·----~~-~OWO,-»-~O••<•••·-----'!-,.-..__., ..... , ..... ,...,., ...... _.,..,.._, _________ ...... ,: •.• ....... 0 : ..... :. 0•~--- ........... - .......... _ ........ _ •• _. .... ,__. ..... - .... --,-...... ., ................... ,.. .......... , O .. --••••·--·•• -- •. O • . 0 -. •• ,- . -.-·;. 0 . ." O ;· "-•-•> .• • •• ,•· • •", ..•. ' ,. • O O a'·. ... ., 
I 
:1:>y impressing in succession a unit current:, I [S , at each node point ·in, 
I 
th'e :network and measure th:.e node--t.o~gro4nd. voltages, eoc, , appearing 
·at ~·.11 o:.th-er junctions. -$.inc.e 
-,._, __ 
"\_ 
- .'.- t r _. ·1 ·'. l ·1 
- -,. I- -.. ·( -_ .il_ot,, :)- - --- - -,- ·(·.- -_- :;s_ ')- '""".'. -- -
. z .. ~-- . ,... Y- Iw . . . -- ·e-_ .. :. ·I-: 1~- . . . . oc· - , - - - - - - - '·ex;,.. , - - , 
. . . . ... . . ; . . ' ' '. ·_ . . . . . '. .. ~ : . · ... · ' . . .. 
rI--:I· .-I--- _,2·· \- . 
:·\,·· .·· .-_i.~' ... · ·): 
I 
where I /3 = unit current., 
the node-to=ground volt~g_es ·measured yield- d.irectl_y· t·h::e- :pwne.+{L·cal_ 
valtfes of· the elements. of: the matrix Z,;1..,,~1. 
Step 2: Determine ·n,,ext the impedances· ,_qf f;he :~quiyalent_ s4l)-. 
·-
network representation wi~h- re$p~ct to th¢ connection terminals-. .Th:e·-
impedance _matr.i:x- o:f :the equ_i:vatent s1i'brre'two·rk representation~i.s, -the._ 
. .f 
. .. -- . ~ ~· I -/!J r / - - -. 
reduced mat;:r'ix'· A.--·--,_ A;:A :Z o.t-'·~: :=- ,:z:l~~· :•· 
. . .. ·. -- . . . . -,x;, -,-- · / ··'/" 
Th.is- ma:truc-: .c·a:n eith~r be . .:1nea:e14reg: 1>:7' t~rm4.naJ~ t.~.i$'P§- ~S: ·o\1tli-ned-
·-. . . . 
4'8 - .'.:.---~--.' . 
/ 
i~ 
,• 
i·, 
\, 
in Step 1,/or it can be determined directly from the impedance matrix 
found in Step 1, with all rows and columns removed which represent .the~ 
internal nodes. The diagonal terms of Z~ are the sum of the diagonal 
'· 
terms in Z otf: , representing the corresponding terminals to be inter- • 
.. . 
connected late·r, and the mutual terms of Z~~ are the sum of the mutua~ 
terms in the· matrix Z fi,.~ 1 between the axes o:f the interconnec:ting termip:=,. 
.. als. 
\ I . f 
Step 3: The complete admittance matrll y/;(I(., = (A~ A~ Z,x..fa'+ z~)-1 
9 .. :f the intersection network qa:n ~lso be measured on the network analyzer. 
Interco:rmect tne :corr·esponding terminal p.oints of the reduced 
.. subdivifrion by- tJ;i_e· ·1tn1<- impedances, impr~ss a unit voltage, E et.,, in 
:s~ri.ee with ·e~cn .tnte. .. r¢onnecting line in ·succession and measure the 
currents if-> ln. al.l connecting link.~: •. 
Since .· 
where 
,·, 
·, 
the branch cu-r:rent.s measii':red yi.eld d-i·rect~·y ·th:.e_ numet'i.cal ·va..lues ct:f. the 
elements of the admittance •matrix Y~. It :is· th.e admitta.nc~matrix of 
If q subnetworks ar:e formed -1n th.e: te·aring .. proces·s,: then the . 
J 
the q impedance matrices (yf&/ J-d of the g subnetworks, and 
-
.... 49-
,; 
(] 
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... -1,1 _ .... !& .a. ... -.- • .,.,;q. v: . ... 'l ,.,. 4 •• A 4 MEA L 5 & 
t\ .... 
··~·-.. -. _,,_- .. · --~. - ·-· . ···-· -· ·-·· . . 
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.. : ---- '··~ . ·-·-· 
the .l admi.t.tance matrix (Z ~ P· }-il:: of the l intersection network.; 
- /;:,) - I 
h.' I - ~l - ( -1 -Withe the (q + 1) matrices (Y'"'JX, ) and Z~f ) determined on 
the network analyzer, the node-to-ground voltages ect.,1 are found ·numeri-
cally by succ.~sive multiplications and subtractions according to Eq •. 
:Il-56,. The time coIJ$tur)ing._ p;r.oc~ss 9-f. matrix inversion is thus eliminated 
·1n % computer so:l.ut-ton!'· 
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APPLICATION A·ND: 'EXAMPLES 
·: . .... ' ' - . '' . . . - ' . -.. , ..... , ... - .... - .. 
-~. 
A. The line of tearing 
The solution of a given large network by piecewise analysis 
requires the sectionalizing of the given network. It is important to 
. ~~ 
properly select the tearing points of a network, since a judiciously 
selected dividing line can simplify :a solution considerably. 
Generally,: the only practical 't'es·tr:i.ct.:ions encountered in t·ear-
.. ipg a network is the requirement t:hat the :ne.tworks are kept small 
~n,ough for a .convenient individual solution. The size of the network 
a.n.aly.z.er for computer) availab.le is· U§,~a·:i.1y the decisive factor, but, 
:Cons·±derations. fqr· the best l~e of tearing are: 
T J 
·n.etworks must be independent :of. eq..ch. ot'her .a.f,t.er. the ·c.ut, that :eaqh 
:n~·twcrk possesses at leas·t. o.r1e ·r.J~fereri:c.e. ·node: a:nd. ·tha-t .. nq· pfu:t.u~·1 ·c.oupltng· 
¢.sts between the stibg·ro.tips;,.,: ·It .must be: :pos·s·ib.le tt, :·$~t ·Up ~n~l :to:. 
solve each individual subnetwo:rk independ:en:tl.r•· A n:etwork: :with a. high 
degree of mutual coupling may not= ·b·e·· s.ep·a:r.ab·l:e ·:into ·pc;rt·s :c .. onv.en:iently·J 
•.• 
. 
. 
· in such cases the or1.·g:ina-i .B,;rciblem :has· to· l)e :refo:.rmulat~q to: :find -a . 
. o.on;figuration with l.ess ·mu·tual.. coupl:i.ng. :$:µc:'h that ·q., ·c,onv.:eri'it~nt ct:(t. c·an 
be made. 
.l 
•·· - l 
~: 
·.:~ 
.. 
\' 
2. Furthermore i.t is desirable to cut a minimum number of branches 
·ctr the network, thus minimizing the size of the equivalent representation ) 
with respect to the cut points for each supnetwork. Increasing the-number 
of cut lines enlarges the equivalent representation considerably; as will 
be shown later~ the number of impedance elements between the terminal 
~ po.inta of interconnection are equal to (m-l)m/2, where ~ is the number 
of cut terminals (see Chapter rv,section b). 
3. A small number of interconnecting links between the subnetworks 
is further important, since it minimizes the number of voltage generators 
required in the interconnecting links for the intersection network, This 
consideration is of importance when the number of network analyzer genera-
. 
tors is l:i.nti ted. 
4. The topological layout of the network also influences the 
c:hoi.c:·e of the most economical line of tearing. 
Mostly, large networks are highly symmetric. This . fact cart 'be 
. . " - ... 
used to form several subnetworks of equal network configuration. If the 
...,,,, 
impedance elements of these subnetworks are equal, only one equivalent 
representation for all the subnetworks has to be determined, .If the 
internal. so·u.rces of the subnetworks are additionally the same, the 
solution of one subnetwork ie the same for all the others. 
---·-·· ··--·---::=::: __ . ~--.-~,-
5. In·sectionalizing a network it is important to keep in mind 
that the intersection network is the largest network to be represented 
-.5~·~· 
-··--------
,, 
·' 
... 
, 
,· 
on the network analyzer panel, since it is tantamount to the original 
(or part of the original) network, although largely reduced in s·ize and 
complexity~ 
If only two subnetworks are present, then the first intersection 
network formed is the final one, but if several subnetworks have to be 
interconnected, the final overall intersection network has to be built 
"., 
step-by-step, first connecting only two subnetworks, then ·connecting 
this group to the next subnetwork (or group), and continuing in succes-
•••• ·0e , •••• ······~. - • --· ••••••• sion.. Wi-th .th.e. available compo.nents .on the network analyzer it must be. 
possible to represent every intersection network, which compriaes the 
connecting links together with the equivalent representation of two sub-
/ 
networks, or two subnetwork groups. 
This last problem mentioned is the main obstacle encountered in 
a piecewise solution using the network analyzer and must be carefully 
eliminated by an appropriate. l:i.ne of tearing. fucample 2 illustrated ·the 
step-by-step ,build-up of art intersection net,~9r~-, us·~ng: a'll the elements 
of the network analyzer. 
B. SimElified network representation10 
As pointed out previously, the thircl 'step ·o·f tb..e. procedure for 
the piecewise solution of a large network involves· the evaluation of 
' 
the influence of interconnection on the $.·o.lution, i eot I· , of tJJ~ .,,:unco,nnected 
----,·· )j_ ·..;.; .. ' . .;· --
) 
subnetworks. A representation of the entire system in reduced form--the 
intersection network--is set up, applying as forcing functions the volt-
age differences, eex,, between the points of scission. 
It is always possible to sectionalize the given netwqrk in suc-h 
a way as to obtain subnetworks readily solvable with the number of 
elements available on the network ~nalyzer. However, for the intersection 
network, comprising two: eubnetworks together with the connecting links, 
the subnetwor:ks- -ha,ve to ·be representeq :in a simplified form with refer-
- -- ence -to the --ce.nn-ee:tion· terminals in ord·er that the ·number pf· elements 
availaol:e :·-o:n: :t,-he'.··n_etwo.rk analyzer is not exceeded • 
. :Some_ .methods ot eqµ.ivalent representation Qf p_etwor){s :ar·e ·widely 
·lqj.owp and frequently ··-us:.ed, J!or example, th·e·: wye:~delt,a· ~r~nsformation, 
-or Thevenin' s Equivale.nt C·ircui t for a two-terminal. n:e·-twork. Ano.th-er· 
_method is the: redu·ct.toi:r of a passive linear netwo:p~ tq ·ar;r equivai·e.nt 
.c·:ircuit by -mea,ns o:f:· tx·ansfer impedance measurel)lf3~ts .- :K:ron-. Jias·· :propo:s'ed; 
·rt_etwork ·the·ory re.lated t_o equivalent circuits:"_.:· the- t..ra:rt·s·forma·.tion: ·of :a 
Zr::l/5' - to a Z°".~ -matrix with fewer (or more) coordinates, i.e. rows #rid 
.columns:, _J)$: ttrnt·~mo.tint: to an equivalent network representat:i_9:p wit:h 
respect to' n·ew:· no:de. -po:fnts, or termi_nals:. 
Th.e·. :.interpretation of ·I\·:ron}:s rriet·hod. :o.·f· n:etwo:rk·· red\rctiort will .. . . . .. . . .. .. . .. S":( . . . 
not- b.e d{a:.cu:s.s·ed here, since this .. method~. :emp·lbys tnatrj.x multiplicatio:ns.,: 
· .... 5· t:~. 
. . . 'ii· . 
I 
·' 
---:---=· -
I 
-
Likewise, a successive star-delta-transformation shall be neglected, 
since a quick solution of large networks is sought without involving 
lengthy calculations. For the present, the extension of Thevenin's 
Theorem to m.-terminal networks by transfer impedance measuremep.ts: :is-
the most appropriate • 
... --
Passive Networks 
~ .. 
In the problem of network simpli.f'ic·a.t-ion :two t.ype.s .0£ networks,. 
based on· the character of the network~ have: :·t-o, be· -distinguished: active 
. - ··- ' .... - . . .... ,,,,, . ... . . . .. - . ··-- . -····-····-. - ,- .. - .,... - . ,. . . . .. ·- .... ... .. . . 
. and· pas.si_ve i;ietworks. Reductions o.f .p~assi ve networks shall be considered 
f:... t · irs ·.· .•. 
·::· 
t~rminals can be reduced to an e(luivl3.1ent, (!ircuit pf (m~J.,)m/2 branches5~\ 
·w;Lth. o.n.e: branch between eac'h · pair .of retained terminal$. In· :th·e SJ>.Efcia'l 
1' 
:c·~-s·e: .of· ·a,1 three terminal netwo·rk a ·d·e1ta between the. termlnal:S is ob~ 
. ·. ·, . -· . . . ·- ' .. -
t'a.fned.., . which can- b:e· t:r~ni~fo:t~nted int·o an equival.ent star· corif~guration 
(F:fg •. ·J:y~.l).. .In ·tJYEf c:·ase of fil terminal, po:ints,: .w-h'e-r.e.' (:m) >:J=,. ·no equiva-
·1· ·· · .··t· ·t f · t ·· b bt · · ·· · a· 10 .· :en. · s ar ·con :_:1~:ra .. · 1on _can e o .. aine. :· •. 
•.- 1.-'-_·· ~~:~ .-- • - - - .· --·-'· .• ,. • . 
................ ·· .. ."~: i 
~-
., 
I 
I 
.---.---- .. -. -- . ~-- ~- -----: . ~-:--;-.. · ---
7711»777/.· . ... . . ,, .,,. /.% . . '////i 
. .• .... · 
I 
I 
-~. 
.:, :.rt~re rv·--.li; .De1;i::,_a-s'tar· conf1gc1.1ra.,tion. o.f a three-terminal network 
,_5 ..:-5·· ·--· 
. .; .. ·. ·. 
l • 
The constants of· the desired equivalent circuit can be determined 
by tests at the retained terminals5b. One terminal has to be connected 
to a voltage source and the oth-er terminals have to be short-circuited. 
The applied voltage and the currents leaving all other terminals are 
then measured. The principle can be demonstrated through a simple example, 
Fig. IV-2. 
J 
I.· . · .. :--
·1· : .· 
,<· 
(a) (b) 
l 
. Zilf- ~· ............ . 
tf\ ~ 
Z1~ 
If 
///// /////////////// 
Figure :rv·--:2.': · Determination o.-f: e.cfui.val·ent- :networks by 
terminal tests 
2 
::... 
12. 
·h·a-s to have one imped:~nqe element between each ,r.:~t~in:ed: -i;;e.rminal pair, 
resulting. in th~J: :"eq'4tvalent circuit of Fig. IV-2b, r11.e~e elements can j 
be determined .b.y· applying a voltage source E at each node successive;:Ly 
and measur~ng th:e- currents from the other terrrli-:r1a~l.s '.to .g_z:aou.nd ..• 
Ac.co.,rd.in_g to the relat·.ionships. 
:\! 
( 
z 2 -
·l 
the impedance elements z12, z13, z14 can be determin~d, when applying a. 
voltage source at terminal 1. The remaining elements can .be determined 
by successively applying the voltage source between terminals 2, 3 and 4 
to ground, so that the currents from node 3, 4, l; 1, 2, 4; and 1, 2; 3 
to ground, respectively, can be measured and the impedance elements 
evaluated. By this procedure the impedance of each .element will be 
determined twice, one result being a check of the other. 
Active Networks 
The basic theorems related to the reduction of an active network 
are Norton's Theorem and Thevenin's Theorem. The theorems as stated in 
textbooks apply to reduction of a network with respect to one p~.ir:· :q.ti 
terminals. For the problem of interconnecting networks with mo.re ·t·han 
two interconnecting l~nks, the theorem$ must be extended to: t.he general 
-case of m terminals. 
- . 
A generalized form o,r Norton-' s Theorem inay be s.tated as folloWSJX): . 
. I 
"Any m terminal network composed of a finite numbe-r·· ·.of iinear, 
bilateral circuit elements and containing a finite 11lUilber of 
constant-voltage and constant-current sources can be replaced 
by an equivalent circuit consisting of an m terminal passive 
network with (m - 1) current sources appea;ing at the accessible 
terminals •••• One.terminal ••• is ••• an arbitrarily chosen reference 
terminal selected from them points of entry •••• 
-
i 
... (' 
I..· . 
The value of each equivalent current source is equal to the 
~ ~ 
short-circuit current appearing in the corresponding terminals 
when in the original active network, with all sources energized, 
the (m - 1) terminals are simultaneously connected to the refer-
ence terminal. 0 
Similarly, a generalized form of Thevenin '.:s Theorem can be 
stated10: 
"Any m terminal network, •• can be replaced by an equivalent 
-circuit consisting of an m terminal passive network with 
(m - 1) voltage sources appearing in series with (m - 1) of 
them accessible terminals ••• One of them terminals is chosen 
-
-
as a reference point and no equivalent voltage appears in series 
with this terminal. 
The voltage· sources in series with the other (m - 1) terminals 
. 
of the equivalent network are equal to the respective open 
circuit voltages of these terminals in the original active net-
work, all measured with respect to the reference terminal. 0 
As an example again consider the network given in Fig •. I:.V~-.2a.., 
:which possesses 4 accessible terminals but which now contains an 
arbitrary number of const~nt current or constant voltage sources. The 
network can be reduced to a generalized form of Norton's Equivalent 
Circuit, which has the same impedance configuration as in Fig. IV-2b, 
but with (m;.. 1) • (3) equivalent current sources impressed at the nodes 
l, 2 and 4, where node 3 is_ assumed to be the reference node. The equi-
valent circuit is shown in Fig. IV-3. 
With reference to the discussion in Cnapter I, the proble~ of· 
solving networks piecewise using ... the network analyzer will involve 
both passive and active subnetworks. For each type, the equivalent 
representation,. which involves less ·elements than the original network, 
'! 
.1 
I 
I 
I 
JP':l~g~:e IV-3 : Norton equivalent of a 4-te·rminai, a.ot·i)r-~·- :-n~t-wo:·r~: 
,'D. 
either no·ae current· sources of value equal to the :~nor·t :oirtfuit currents, 
or bran.ch ·voltage sources of magnitude equal t'o: tne open i.erminal volt-
agesi.. The representation of an active networ·k requires as many g_enera-
, to·rs:· -.as there are retained t.erminals, which a.re, not reference nodes, 
and.)nay thus increase the number of generators .needed on the network 
a~alyzer. Since the generato·r units are generally very limited in 
number on net"'[ork analyzers, the method of interconnec,ting th,e· sub-net·-
. ' . .. -· 
-wo·rks in their active representat.io.n. and determining: thE? potentials 
.o.-f· the retained nodes directly, is rather limit:·ed i·n: its applicati_o:ti'·· 
.':Pr:i_e following examples will ~mploy only th .. e m.et-h.od of· cl.nalysis mentioned 
·in ChApter r,section B and will serve to: .i:tlµstra_t;e th·~ procedure. given 
in. Chapter III. 
, .. 
'· 
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c. Example 1 
As an illustrative example for the method of piecewise aolution 
on the network anal:yzer, a network is chosen for which a nwnerical digital 
computer solution, found by Kron's method, was known in advance4, For 
simplicity, this network is purely resistive, consisting of two bridges, 
which are connected by two links, and containing only two internal 
sources, rtd, which are applied in one bridge (Fig. IV-4). 
.T=·l.o-
.. ~ . 
l 
LI-
' ~ 5 · ·· -I /. 666 ~ /, 000 t- l-1 
0,666 
e 
1~250· 
2.ooo d o.25o 
-----~1-----,1 ~VV--·-----J t'v,__. ___,_ _ _. 
t IO 
13,333 I I 
Figure IV-4: The original system (impedances shown) 
This network is small enough so that the whole network can be 
set up at once on the network analyzer and- solved. For demonstration, 
· however, the solution will be found piecewise by tearing the ~original 
- --- - · network into two subnetworks, . . The steps in the solution are: 
--60~ 
. ~ ... · 
>?.: ,,, 
., 
Step 1: The given network is conveniently torn apart by cutting 
the connecting lines between nodes ! and .!!, and J2. and _g_ (Fig. IV-5). 
Step 2: For both subnetworks a solution, 1 e Ol/ ··, can be found 
corresponding to the internal sources in. each group. Obviously, the 
voltages in the subnetwcfrk on tbe ·right, ·-hand side .of -Fig. IV--5 will .be· 
.p 
·-r~ 1.-0_@··_·_._·_._ ... _. -<_-:_ / 
·· .. , ·/· '' . 
. : . 
. ' 
;/;·: ... . .. · 
NN.4-
T:: 2.-s 
- . 
' 
. 
,, 
-··--·.·. - ".• . - . · ... -·-.......... --. ..---- -.-·"'"• •-.·· ·-•-----
-----r1gure "!Y,;...;5-: -- -The · separatect system:---·-----·-- -·--- ·· ·------· ·- ~----- --- -·- -----·--·---·--~:--_ ·-·-:·-·:-~-:- .. -----·--=-'"=--- -------·------ - · -------· 
0 
zero, since no internal sources are present. The measured node volt-
ages in the Jeft hand subnetwork are: 
1 
1 ea 3.590/0.0° 3.590 + • o.o J 
-
-··-
1 
1 eb - ! 3.284/0.0° - 3,284 + 
• o.o 
- - J 
I --- --1 
1 
1 ec 
.., ____ 
I 
J 2.1soLo.0° I 2,780 + \j o.o . i I 
' 
,,, Table IV-1: Subnetwork solutions 
• .- ·• •· •••••,, ··-· _,,.;;', ____ .,_,_ --··-··----·-•·"" ·, • 0•• ••• a~-- - :-··-•••"' ••- -• •••• ••-• •••• •- ---,---•-- • - ·- - ,- -,--- - ------ -- -~ -• -· --~- "" - • "~ - < 
Step 3: The volta.g·e dif_f'erences between nodes a and --~· and 
' 
--61.--
,-· .. 
_E. and !, have to be determined. Assuming a clockwise direction of the 
positive mesh through the tie-lines, for example through line 6, it 
follows that: 
+ 
+ <l ea - e6 - e i'\ ~ O 1 1 ~ ,· 
e6 • 1 ea - 1 e e 
• £: 
there- ·is ::: 
. . 
. - . 
. ~ 
... ·Th-.e· vo:ltage :di.f:f~1'.'-~nc:es ·:are_.: 
f96- : .. 
.-e·--. ',- . 
~-
·r.. 
',. 
. 3.590 /0.0° 
3.284 /0.0° 
---------- -
I 3.590. + J ·o.o-
-1 
I 
J 
I 3.2s4 -+ 5 o .• o I ,, _____________ __,...__, 
,,_ 
Tab·le IV.~2::: Voltage differences between corres·pon~:i:ng- link_ .nod-e~: 
.. Step 4: No network reduction i:s. necessary ~for- this example 
· since it is smail enough to be completely represent-ed with the components 
ltv.a.i.la.bl~. on the :netwcir~ analyzer. 
Steps 5 and 6: The negative vo:L:ta:g·e: ctLf-ferenc es -e6 and ~e7 have 
to be inserted as voltage·---so-urces ··betwe·e·n···trre connecting nodes_!_ and _!, 
and band d, respectiTely. All internal sources are open-circuited and - -
the branch generators e6 and e7 are the only sources applied (Fig. IV-6). 
----- --• ----•••·--·-· .. --- ~-~-- -·----~--~ -- C --·a----.~·-
-- . ----- ._-,. ~=-·· - -- -·~- "l-,::, 
-
--~---·h -·=-- -~ ------ -
.. 
• 
• 
I 
I 
• 
• 
C 
C 
-
L 
n 
a 
/ 
..... ·-··· ~·· .... -···· 
~ If 
ti 
Figure IV-6: The intersection network 
Step 7: The influences, 1!J,er;t..J , of the brarlch sources e6 and e7 
on the node potentials of the·interconnected subnetworks can easily be 
measured at each node point. The voltages measured are: 
- 1.576 + • o.o J fea' 1.576 L180.0° 
·------
- 1.220 + • o.o J iAeb' 1.220 L180.0° 
- 1.208 + • o.o J 
1.260 + j Q._Q 
1/ie Cf 
/Jed' !. 
l 1.208 L180.0° I 
I I = l :r 1.265 Lo.0° I 
1.660 + • o.o J 
1.190 + • o.:o J 
;ee' 
1Lle f, 
1.660 Lo.0° l I 
-i 1.190 /0.0° 
-~- - -·-- - =·--····~~·-- .. --·-- -·--·- --~----h•••- -·· .. ·---·---· ... 
':· 
I 
I 
.... I 
I 
Ii 
II 
II 
.. I 
I 
I 
-[. 
. I 
. . --·- -·-··--···-----······· ···--· ----- ·-· -·- -~··--- -· - .. -· -· --
.. · -···· ···-- . ·- -- -·.,·--· --- , · ... Table rv~31 · .Tb~e infl11ence_.2.f_·i:nt~reo:nneetic:>.:n_ . ____ .. ___ .. ~-- .- , ......... ~-=-··----· . ~:=·~-----------· - -
Step 8: The node potentials measured in Step 7 are corrective 
-63-
values, due to interconnection, for the results found in St~p 2 of the. 
analysis. The final node voltages result when adding the values of 
Table IV-1 and Table IV-3. ·· 
ea' 2.014 Lo.0°· 2.014 + j o.o 
eb' 2.064 Lo.0° i 2.064 + j o.o 
ec' 1.572 Lo.0° 1.572 + j o.o 
- -9d I 1·.265 Lo.0° 1.265 + j o.o 
e (9, I 1.660 Lo.0° 1.660 + j o.o 
ef' 1.190 Lo.0° 1.190 + j o.o 
Table IV-4: Final node potentials 
Step 9: No subnetwork, in its original configuration, has to be 
set up again, since no equivalent representation was introduced in Step 
4 of the analysis. Table IV-4 gives the final node potentials for all 
the nodes in the entire network. 
As a check, the complete network example, as originally given, 
was set up on the network analyzer and its solution found in one step, 
The results are given in Table IV-5. The results for the piecewise 
analysis agree within l~with the results found by analysis of the 
entire system. This equals the inherent error of the network analyzer, 
6··:'. ~ 4.~ 
'<,_ 
--.·----... -·-·- ··---·••·>---- "• .. ,I . ..;-=-
e , 
C' 
.,. 
} 
-
2.025 Lo.0° 
~.095 Lo.0° 
1. 586 Lo.0° 
• 
1.286 Lo.0° 
1.662 Lo.0° 
1.182 Lo.0° 
2.025 + j o.o 
· 2.095 + j o.o 
1 
···- . 
1.586 + j o.o 
1.286 + j o.o 
/ 
r 
1.662 + j o.o 
1.182 + j o.o 
Table IV-5: Final node potentials (by an,alysis of the 
entire network) 
D. Example 2 
The methods for a piecewise solution of networks on the network 
analyzer were demons.trated using Example 1. A more complicated example 
demonstrates the applicability of this method for the analysis of large 
networks where the total network cannot be represented by the number of 
components of the network analyzer. 
The example network chosen consists of 88 line elements, which 
contain resistances and inductances, and 12 current generators, applie<i 
at 12 different node points (Fig. TV--7). 
The analysis will follow the steps outlined in Chapter III: 
- --· -· -·-··--·--·-,.--.. -.... ---------------··-------St·ep·-1:------ThEf netw~rk given ·is synrrnetrical, so that it can be 
easily divided into four subnetworks I, II,. III and IV of equal structure 
-65- - . 
' 
Figure IV-7: Network configura'Qion of the original system 
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; 
-~,·--• .,, ............. .,,.,....,!l.lli,llli ' .....__. ___ . ~-----....... -1__........ ..... ~,--...., .• ~ ........... _ .. __ _ 
(Fig. IV-8). The subnetworks formed are also syimnetrical, so that 
corresponding lines possess equal impedances and corresponding node 
points are denoted by the same small letter (Fig. IV-9). Each subnet-
work contains 3 generators A, B and C or D, impressing currents of 5, 
4 and 2.2 or 2.0 amps, respectively. The nodes of entry for these 
node generators, however, are different for each subnetwork. Their 
locations are indicated in Fig. IV-7 by arrows. 
Step 2: Next, the four subnetworks will be set up on the net-
work analyzer in succession. Applying t~e three current generators 
at the appropriate nodes in each subne~work, the resulting node poten-
tials, 1 eoc', can be measured at al+ junctions. The ·results are measured 
in polar form, but are also shown in rectangular form for convenience 
(Table IV-6). 
. Remark: The four subnetworks with four external links, a to d 
and one ground connection G, cannot be combined into an intersection 
network in one step. With the available components of the network 
analyzer, only two subnetworks in their equivalent·representation can 
be set up in the form of an intersection network at a time. Networks 
I and II, and III and IV will be combined first (Steps 3a. to 8a), ,and 
then these simplified network groups I-II and III-IV will be combined 
to an overall intersection network (Steps 3b to 8b). 
.""'2: 
- ----~-- - - - ------,-----:--.------,-,-,-. -~--~-·., --------:-"~----···-··········-·-··-········-··--·----- -- -· · ·· .-- · -- -ste15-·-3a:1-_·--comoining sul5networks -- 1 ·· and II-;-·· and, III and IV, 
. 
-~ 
-· 
. 
SubnetworL< -iI Subrie.t ork H 
I 
Figµre IV-8: Lines of tearing 
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~-Qi 
-~ 
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~:-0 
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~': 
~ 
s:Y 
:.:5 
~ 
.-, ':·· 
·Q) 
'C"; 
-.~ 
~-
.:~ 
V). 
', 
. . . I 
1·8 a 
.. 
18 h 1 
18c I 
18d 1 
18<2.' 
lef, 
~1e9 , 
1 eh I 
18 b 1. 
- _,_ --' - - .. :. ,. 
1-_e_·_ - __ I .. C 
·_ ed-, I 1 ... :_ 
.. e ·-· ., 
l -~-- _ .
1 e , ' ·-···· 
1 ea, 
: .. le b ·' 
:· ·18 -c ( : 
·1e cl 1 :·: 
= 
""' ; .. ·. ;,. 
--· 
--
: 
.. 
. . 
.. 
= .. 
\ 
. 
2.068 LJB.2° 
1.868 L1z.o.2° 
2.655 LJ2.2° 
2 .146 LJ8 ,0°, 
= 
3.560 LJ1z..2° 
2.262 LJ6.~ 0 
3.090 LJ~.0° 
2.160 LJ6.2° 
'l 
2.820 L1z.1.J 0 
2.158 L~.2° 
.. 
:2.088 L~~.0° 
1.875 L2_1.2° 
-
-
3.400 L~6.0° 
~ .• 800 L~s.2° 
z.·_.426 L~2.0° 
~ .• 140 L2_6.s 0 
-~_.·_104 L2s.s 0 
1.990 L~1.0° 
2,250 LJ2.0° 
1.975 L~8.0° 
" 
1.620 + • 1.289 J 
1.420 + • 1.211 J 
·-· --···· ........... ,.' .,._, .. _, __ ................... , ... .. - ·-·····--···--· ... ""'' ............ ,. ........ ··---··· ... ,,. --•-~ ........ ~ ---·------,· .. --~ ~---;---~ ·.--·' ,·:-:· .. _, -· . 
2·.150 + • 1.553 J 
1.690 + • 1.320 J 
f 
2,945 + • 2.000 J 
1.820 + • 1.346 J 
2,563 + j.1,729 
1.745 + • 1,275 J 
.. 
2 .:120 + j 1.-861 
. . . . 
1.599 + j 1.450 
. . - -- ·-·--·- - - . ·-···- - - ·-- - ,., . .-,. ............... ·- ····---···--·- -··--·--"--······· :. ···- . 
,1.711 + j 1.198 
1.495 + j 1.135 
2 •. 755 +. j 2·.000 
1:,990: +· 5 .1 •. 390· 
1.715 + 5 1.281 
'. 
.l. 642: + • J_ .• 320 ·o 
··- -· 
.-
·1. 503 + • 1.304 J 
..... 
.1. •. 8.45 + I 1.290 J 
: 
J_.·560 + • 1.216. J 
(coI1t .). ___ · 
- - : . . .. -~ :· . --·:-; ··, ·:· 
Table IV-6: -Noqe potentials ·b:f. -the separated subnetworks· 
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, ·. 
.. 
1es I 
18 f 1 
1 e j' 
1 e J, I 
1 e d 
I 
le b I 
'· 
le C I 
le d' 
e e 
, 
1.·. 
.. . 
1. 
e· f 
I 
; 
. . 
.. 
'• 
·. 
2.410 /36,1 ° 
2.180 /38,0° 
2,830 /37,2° 
2.186 /35.1 ° 
:.· 2,218 LJ2.J 0 
' .. 
. 2.024 L.~2.';_0 
2.100 L.J6.8° 
2.002 L.27. 2° 
2.305 L2s.0° 
2,640 L.28 .~ 0 
' . 
' 
1.952 + j 1.421 
. 
) 
1. 720 + j 1.341 
= 
2.255 + j 1.710 
1,791 + j 1,258 
1.7·18 + • 1.403 J 
1.499 + • 1.361 J 
1.682 
' . 
+ • 1.259 J 
; 
1.580 + • 1.229 J 
=-
1.820 + . 1.420 J 
. ... 
2.070 + . 1.639 J I 
-··-··- ., -·:··- .. -··-:····:· ····--·· ........... ·~·--~· ..... ·-~ ..... , •.. ,., .. ,.,. ·-· .. ·---~-..'.,..-: .. ... ... ·- -
.··--··--····-··-.................. L;.·7 .·0° ---
' 
le j I - ·2··~--222 l ((~ + · l.-3-58 1 ·- ··- .... . .. . . ..... .. .... 'J·-··- .... • . ------·· ............... • ,---;; C --- --- , • .. • 
le. If' 7 2.140 L;j2 • 2° 1.745 + . 1.242 J 
". 
. .... 
·Tab:l~.: ~V-.6. (co.n.t.): Node potentiail$ :of separated subnetworks' 
I 
I 
between netwo:r-k. r-· arid network II:: 
= 
eb 
o.76o L.221.2° 
0 •. 299 f.233 .2° 
-
-
· .. -.. :o. 5:00 - 5 :o.:5-72 
between .. network III and network IV·: 
: o,112 /227.5° 
-:. .· ,......,__ ___ -"'1 
.. 
· 0.062 /297 .0° 
\;.,\, .. , 
. -- 0.,07;6 ~ 'j 0,083· 
. :0.02_4 :- j ·0.05_7 
Table IV-7: B;r~;rrch voltages ea and e b 
..... ·7. "·1 .• _.;...· 
.. . . 
,,, -•• , , ~ • ""J,· ·e-. ,.~, ,'1!'1". t; .. ,, • .,.,.-r.r.~·-1"·--,,-,..-,-,.,,,r,-,,,.,, .. ,~-VJ-,~-~·•···~•~ ·-rs .. .,. ··•:t'""'..--- •.• -n:,,....., ,-.-,. ... ,-,~·,.. • -
nodes a and b of the subnetworks will be connected. The branch volt-
ages, 1 e ~, wbich are the voltage differences between the nodes..!. and 
between tha nodes b of the subnetworks, can be ·calculated, resulting 
-
,, 
in Table rv-7. 
Step 4a: To find an equivalent representation for the subnet-
... 
· works, terminal test measurements have to be performed at the external 
nodes a, b, o, d and G of the subnetworks. A voltage generator is 
- - - - -
applied at each terminal in succession and the short circuit ·current 
--------~----··------------ -
is measured at the other terminals. The impedances between the retained 
nodes are the ratios of applied voltages to short circuit currents 
-·------------·-·-- ·------·,---·----····--(Table :tv=a)-. - In this example, these measured .impedances had to be 
scaled by the factor 1/3 to be within the per unit scale of the network 
analyser. 
The equivalent representation of the subnetworks, which has less 
impedance elements than the original subnetwork, can then-be Bet up 
.. Cftg._ IV-10) •. 
, . - I . 
Steps 5a. and 6a: In series with each connecting link, _ !_and..£,. 
voltage generators equal to the negative voltage difference of 
Step 3a of the analysis are inserted (Table IV-9). They are the only 
sources applied in the intersection networks (Fig. IV-11). 
--~----Step 7a: The resulting node voltages, 1J e,t,', due to the applied 
branch voltage sources ea and e·b, are then measured (Table IV-10). 
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"· 
0 
Za-~b 
Z:a-G 
:z 
· ·.a-c 
z . 
.·a-d 
z 
·b-{} 
:Zb· ._· ... • -c 
·.,· ·. . 
..... -· 
zG.····.d· 
···-
:Z .d 
-c~. 
·~ .. 
0.397 L-'7t2 • J 0 
2.745 L-27.2° 
2.993 L-42.7° 
. 2. 516 /-42. 6° 
I 
I 
.0.454 /-48.6° 
1.581 /-M_.8° 
i: 0.372 /-M,.8° 
. 2.315 /-31.1° 
: 0..475 /-32.1° 
.. 
: 
0.-267 /--2~.2° 
0.086 
0.814 
0.647 
0.617 
0.100 
-
0.374 
0.080 
o.667 
: . 
: 0 .)1.3'3 
.. 
. . 
.·Q ..•. 075 
.., . 
+ • 0.100 J 
+ • 0.420 J 
+ • 0.760 J 
+ • o._568 J 
... 
+ 
.. ;0.1.14 J 
+ • 0.372 J 
' 
+ • o.oe7: J 
.. 
+ jf0.398 
... 
+ • 0.898· .J 
+ • 0.039 J 
·--·--··---·-·--·-···---
---··.·.,·.~·-~---·· · ~ •• ~,c.. ____ . _ :..~ .... --.. '"-··· T~or:e- rv-8: ·---MF.q\fivalerrt·---tmpedances o·t· :s_~bn~two,rks. be£weef1- · 
J._: 
~, . ·'· _; 
retained terminals 
between netwo:rk :r: and II·: 
0.760 /41.2° 
-· 
-
0.299 /53.2° 
between. netwo·,rk III and n·etwork IV 
' .. ·. . .. ' . ·:·. .. . . ., . .. . .. . .. -· ..
 -
0.112 /47.5o 
-·  
e_b 0.062 /117,0Q 
Tabie .r_y·:.;.:9 :. Branch genera tors between netwo.rk~· I .and .. ]:I·, . 
_ . . :·and .. tII· .,and IV, respectively 
_7·3-
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Figure IV-10: Fqui vs.lent representation of subnetworks 
(impedances shown) 
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between Network III and IV: 
impedance of line a-a = .16? + j .200 
~pedance of line b-b = .100· + j .067 
' ,08G + l, oo 
. ~, 
between Network I and II: 
impedance of line a-a 
, impedance of line b-b 
= 
= 
.333 
.167 
+ • ··;26? J 
+ • .100 J 
.. 
• 
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11\ 
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Figure IV-11: Intersection network between subne:hwo.rk-: :I., and II 
. -... ,. 
or III and IV 
t~. 
·.·.7···5·:. 
- -
. -... 
r . 
. . 
:,~ 
~·1ir 
. .,,., 
,/ ' 
.., 
Subnetwork I: 
1Llea' 
., 
1/1 e b' 
1 Lie (!' 
fled' 1 ., 
' . ' ' . .. 
0.189 /47.5o 
0.122 /52.0°" 
0.110 /50.8° 
' .0.1140/52.8° 
S:ubnetwork II: 
-.-------i 
:·· 1A.ea' 
:: 1-A·eb' 
' .. '~ 
· .. · 1b.ec
1 
', 
.. ·. 4ed' 
.:1 ... '' 
.. 
0.'189 
:·0.122 
·-~-
. 0.110 
0.110 
:Subnetwork .III.: 
·· 1Aea' 
: .· ' 1 
..•. 1Aeb 
··• Ae· r-
· 1 . C 
,, . 
A·ea' 
·1· . .. ... 
'. 
: 
·. 8e. b'' l· ,' 
./le I C l 
iA e d I 
' 
; 
I 
·--
". 
tl .. 031 
.. 
.0.020 
0.017 
. :0.018 
. ' 
. ' 
.. 
"• ·.· 
:·:-0 ... 03·1 
. . 
. : 0:.020 
.. 0.017 
.,. 
· · ·0.018 
/227.0° 
/221.0° 
/222.8° 
/22l•ft0 
/60.·0° 
L101.0° 
/20.0° 
/22.2° 
/2~0.0° 
·,L2uo.0° 
/262.0° 
/272.~ 0 
0.128 + • 0.139 J 
0.075 + • 0.096 J 
. 
= 
=0.069 + • 0.055 J 
.. 
. . 
0 . .-0?0. + • 0.090 J 
: .. . .. 
.. 
.. 
o·.129 • 0.138 : :-...· - :J 
- 0.077 - j,.0.095 
-
- 0.071 
-~ 
0.084 
.. 
.. 
0.070 • 0 •. 090 - - J 
.. 
'" 
.. 
:·o· .• ·o:i6 + • 0 .027 J: 
•' 
0 •. 004 + • 0 .020 - J 
" 
.. 
+ • 0 .017 ·"' J 
.. 
: + • 0 .018 J 
. ' .. 
. 
· - o:.·015 - 5 9.027 
' .... 
+ 0 ..• 003 - j 0.020 
-
-
+ j 0.017 
- ........ , .. - . ·. . . 
·--· - - . -~...,_. ~- .. , -··"<' :-- -
"\,. ' 
Table .IV-10:.: · Influence of horizontal inte:rconnectiorr 
. . ~-. . ..... ,.. . ,• . 
~:ri,6, ....;, 
-.r. . . 
•'\ 
• •. ____ .• ;;~_--=--..: __ _,._ ___ ~-. 
~ 
if 
........ -= 
~ 
I 
V§\: 
1 ff',,J~ 
f 1/::· ... 
1,-·. 
Ill 
.J 
.~ 
... 
Step 8a: The influence of the horizontal interconnection, 
1 ~etX..', on the node _potentials, 1 etJl', can now be computed. For 
further interconnecting subn~twork group I-II with III-IV, only the 
corrected value 
.~ 
2eo<.! • + A T 1 eex,!· 1 u el)l.. (IV-2) 
of the terminals c and£ is of importance (Table IV-11). Next, the 
simplified representation with respect to the terminals c and d of 
-
subnetwork group I-II and III-IV can be interconnected to form an over-
all intersection network. 
Step 3b: The voltage differences, 2eOCr, between the terminals 
,g_ and g_ are computed from the values of Table IV-11 (see Table IV-12). 
Step 4b: The impedancss between the retained terminals, .£., g_ 
and Q:. are determined and scaled by a factor of 1/7 (Table IV-13). 
Steps 5b and 6b: The branch voltage sources to be inserted 
between subnetwork group I-II and III-IV follow from Table IV-13 ( see 
s' 
Table IV-14) -~- Inserting th:e: }.ink genera tors, the over_~11__)::~t-~_:rs~_qtt_Q1}. _________________ -·"··------------------·· 
network is set up (Fig. IV-12). 
0 
Step 7b: The· corrective node potentlals, 2 4 e rx--', in the second 
overall intersection netw:ork are measured (Table IV;..15). 
Step 8b: The final node potentials, eot-,,', for the terminals ,g_ 
and d follow as the sum of the values 
-
<a>..: 
-77-, 
' 
~ l ~ 
1 ~ 
1; 
f t, 
f ., 
w' 
it, 
r 
' 
--····-·-····--·--····· -
.. 
·- ---- ~--·- ~·. -·-·- .. ·- _- .,---.-: 
Network I 
29 c' 
29 d 1 
Network II 
• 
Network III 
-
Network IV 
-
2.760 /36,~0 
2,258 LJs.z 0 
1.9s5 Q4.2° 
1.770 L36,2° /...___ ___ _ 
2.260 /35,3° 
.. "i,. --
• 
,I.)-'., 
• 
• 
2.220 + j 1.639 
1.760 + j 1.410 
1,640 + j 1.114 
1,425 + j la045 
1,845 + j 1.307 
1,560 + j 1.234 
'.., ____ .,. __ , .. ,_'",, __ 
,>-• ~ ....... ~ 
2.093 /36,5° 1,682 + j 1.242 
1--------,~ • 
1.990 /37,5° 1,580 + j 1.211 
--
Table IV-11: Corrected voltages of terminals c and d 
e CI-Ill 0.500 /221.5° - 0.374 - j 0.331 
e CJI-]f 0.134 L71.s 0 0.042 + j 0.128 
-
• 
e d I-Jil 0.267 /221.2°, - 0.200 - j 0.176 
e d][-Jl 0.227 /46.8° 0.155 + j 0.166 
Table IV-12: Branch voltages e0 and ed 
e ~I-J.i 
e CJ[-N 
e dr-JJI 
edl[-N. 
0. 500 /41. 5° 
0,134 /251,8° 
<.' 0,267 /41.2° 
0.227 /226,8° 
-
-
0,374 + j 0,:331 
. --- . 
- 0,042 - J 0.128 
-
0,200 + j 0.176 
- 0.155 - j 0.166 
I 
I 
I 
Table IV-14: Branch generators between networks I-II and III-IV 
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.'/ 
:l 
•'• ,, 
;: 
', 
' . 
I -
. . ..... •~ ,~-:.:. ,.,, ·---· .. : .. · ... , -~· ..• -· 
·, 
.. 
"" llo ... --... -........,,. .. , ___ • ___ ,. __ .., __ ., __ ..,_. __ _,,,_ •• _ .... _._ ... __ • .-~~--..._~ 
Network I-II: 
"" 
Zc -cl r . r . . o.os.3 L-26.0° 
0.435 L-JJ.6° 
Z.cr -dli 3.290 L-JS,2° 
9.200 L-~0.2. 0 
Zdr-G 
:3 
0.225 L-21.2° 
1.oso L-~7,2° 
Z dr -c.JI 3,290 L-~s.2° 
. - . . ·"-· . . . ..... 0-.-225 L-21.2° 
. z G -er 0.435 L-JJ.6° 
0.083 L-26.0° 
Network III-IV·: 
- • 1. 
' 
0.083 L-26.0° z. - . ,) C .111·-dut· 
- -
0.435 L-22.6° 
' . 
:·.a z CjE --d:F ·i. 2.575 L-~2.~ 0 
7.3so L-~.s 0 l ! 
\" . . . . .. I 
0.225 L-s1.2° j ' 
::. 3 I 
o.854 L-B:.o.~ 0 
I 
2.575 L-~2.2° ' I 
I 
Z' d·'. . /1. . j 
· · •· iµ - ~'1¥- r 
·• I I 
0.225 L-s1.2° I l 
-
------·-·,.,., ··-
z. 
--· .G. -.cg 0.435 L-2~.6~ 
-Z•d- --.A-
.!Y L IY 
-
0.083 L-26.0° 
• 21 
=21 
' 
0.010 + j 0.005 
0,052 + j 0.034 
0.369 + j 0.293 
1.000 + j 0.853 
0.020 + j 0.025 
0.122 + j 0.094 
0.369 + j 0.293 
0.020 + j· 0.025 -
0.052 + j 0.034 
0.010 + j 0.005 
.. 
... . . .. 
0-~011 ·+ .. 0.005 J 
0.052 + • o.·.034 J 
.. 
0.271 + • 0. .•. 450 J 
0.749 + J~.863' 
.0 .• 020 ·+ • 0.025 J 
.0 .• 0.93 + . 0.094 J 
. 
0.271 + • 0.250 J 
.-· 
0.020 + • o •. ,J25 .. -J' 
. 
.. 
0.052 + • 0.034 J 
0.011 + • 0.005 J 
Figure IV-13: Equivalent impeda_nces with respect to 
terminals c, d and G 
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. . . 
as given in Table IV-11 and Table IV-15, resulting in Table IV-16. · 
Step 9: Setting up the ~ntersection network of subnetworks I and 
II, and III and IV, again, and applying between the terminals~ and ~ 
voltage sources of magnitude equal to the voltages, 2~e Dl', in Table 
IV-15, the influence of the vertical interconnection, 26 e o<.}, on nodes 
a and b can be determined (Table IV-17). According to Fq. IV-3, the 
- -
... __ .. , . ·-----~inal. node pot.entia.ls of nodes a and, b are the , sum of the s.ubnetwork .. . ..... _ ________ . 
- -
solutions of Table IV-6 and the ~orrections of +able IV-10 and Table 
-IV~l-7, giving Table IV-18. 
The influence of horizontal and vertical interconnection on the 
internal nodes of the subnetworks I, II, III and IV is found when apply-
_ing voltage sources at the terminals a, b, ~and~ of magnitude equal 
-- ,··"'"····'-··'· ,.,_:_-· ... , ... ,.,,'t·o···'tne total corrections iZi~·olt· + ·
2
zse()(;-·' at these·nodes~·--·· The· total· 
• .. corrections for the terminals a and bare the sum of the value of 
Table IV-10 and Table IV-17, resulting in Table IV-19. For nodes c 
and d the total corrections ~re already determined in Table IV-14. The 
-
influence· of these corrections on the internal nodes· e, f, _g_ and _h are 
then measured (Table IV-20). The final potentials, e ex', .fo:r thE:3. _:L:nt~I'= -·-···-·-···-- __ _ 
nal nodes are then the sum of the results for the individual subnetworks 
· in Table IV-6 and the total corrections in Table IV-20, resulting in 
Table IV-21. 
--81-
" 
~= 
- ••• --····, •••••• ····~··· ~- -::; '.. ·-~- -~~ ... J • 
.. ~ ...... 
. ... '" -····· ........ , .. ,--~-- .... ··-, -·-·-----~ :··-~ 
" 
: 
2~ecr' 0.095 L222.J 0 - 0.062 - j 0.072 
2'1ec.1e' 0.069 -L2r.J 0 0.03s + j 0.05s 
.. 2 Ll e cm I 0 053 + . 0 070 • J • 
; 
o.oe~ L22 .2° 
~ec-' 2 ~ 
::r 
/ I 0.029 • 0.053 - - J 
. . i 
I 
0.060 L2~.0° ! 
26.edr' 0.060 • 0.067 · l - - J I 0.090 L22s.0° 
2fled!l' 0.057 + • 0.068_. J 0.088 L20.0°_ 
~ ,, I 
2 __ !:l e dJE.
1 0.049 + • 0.065 J 0.081 /23-2° 
I 
2b.edH' I 0.028 • 0.053 - - J l 
. I 0 .077 /234. 5° j I : 
I 
Table IV-15; Influence of vertical interconnection 
on terminals c and d 
e 
, 
-~r 
eczr 
I 
ec-
I 
. !JJ.. 
.. ... ,,.,_,, ........ 
• -·- •J•• ---··••"· • 
e c iv ' 
-
e dr' 
I 
e d- I r 1L i 
e cl'" 
I 
-
e dJi ' 
-
...... 
2.670 L26.0° 
. . 
.2.045 L~2 .0°q 
; 
'· 2.340 LJ6.0° 
-
-
. ; -~ .. -. ,. ~, . 
... 
I 
- •> •-,•,•v•,•,••·· •. •--·» • "" •' . . . . ' . 
. I 2.035 L~2. 7° l 
: 
2.170 /28. !i. 0 
•. 
., 
1.860 L26. 2° ' I 
~ 
2.060 L22.0° 
1.935 L26. 7° 
. . .. .. .. . . 
,. ___ . 
2 .• 157 + •. 1. 560. J 
' .. 
·.· 
: 
1.678 + • .·.1.;173 J . . ... 
' 
1.898 + • l.3:77: J 
j l 
-···-·····--··-"·····-'-· -
.. 
.. . ... ,_ ..... '"" .. ---·:·, ··:·::::-:·--: ... ':.·._ . .. 
·l.·654: + .. 1.189 J 
.. 
l·. 700 + • 1.343 J 
1.481 + • 1.113 J 
:i. 609 + • 1.290 J 
1 • .5:52 + . 1.158 J 
Table IV-16: :Final node potentials for terminals c and d 
.. 
.. 
. . 
: .. ,· ....• 
: 
• ·~- rn, .. • • • '" ,· • Tl 
---- ... -.- - . 
~-. . ....... ··: .. . . . . . - - .. - - ---- ·--- .. - ····- -·. ·~ ·--· - - - -
. _-.,.. 
-
\. 
j 
-· 
t 
2A eaz 1. 
2 6.eair' 
2'1ea.lZL, 
2 6ea.IE' 
26-eb.z: I 
2 6 e b:rr 
I 
2ll e b[[ I 
fl e b - I 2 - J.! 
•"' • ,~. •••,• -.-,°• ,.:.· ••• ,.-< • ..:._ . .,_.,.,,',; '""" -'.'..:.-,w,~··•-~' •••· .. ,1,;,,•-•• •·• • ''"""""•-••••·•• ••'•··• ••· ., .. ·• -•••••• ····•· - •· 
Table IV-17: 
e a1 I 
ea 1[ I 
ea III ' 
,. ,, .... 
·-···· 
, 
, I 
eaR 
I 
e br I I' t 
e b7r I 
I 
I 
eb'[[[' 
e 6g' 
•,' .. · 
0.031 L2~1.~ 0 - 0.010 - j 0.029 
0.025 Liz.8.'J. 0 O.Qu.6 + j 0.018 
0.022 L5.o.~ 0 0.014 + j 0.017 
0.015 L222.J 0 - 0.008 - j 0.013 
0.035 L222.a0 
- 0.026 - j 0.024 
0.030 L~2.2° 0.019 + j 0.022 . 
0.026 il:J:.9...~o 0.017 + j 0.020 
0.020 L~JJ.lJ:0 - 0.012 - j 0.016 
Influence of vertical interconnection on 
node potentials a and b 
- -
'· .. 
2.225 LJB.8° 1.738 + • 1.396 J 
2.658 L~.0° 2.007 + • 1.741 J 
2.160 L319.2° 
.... . - " - ... ~· . "" ................... ,. . ..... .l.6.71. ±.J_,,l .•. J64, .. ,: ... 
. . 
2.179 L~B.8° 1.695 + • .1.363 J 
-
-
1.950 L~.2° 1.469 + • 1.283 J 
2.068 l~-8° 1. 5.42 + • 1.378 J 
• L!il.. 6° 2.020 1.516 + • 1.343 J 
~ 
. /' 
1.990 L1i1.-6° 1.490 + • 1.3_25 J 
:"---
Table IV-18·: .·Fina·1 node potentials .crf nodes a and b 
i ' 
''·-·-••••••.-• •-··-:•-: ••"""" •••• ., ... >,• 0••••-·•"•••-•••••<,o,oo, ••-"•'-•••.•J..••••_' •::·~ • n~•"•-•.~-:~;-:--,•~•-•••.<••-::-·,.~'••'.•:·::'!'·; ", «.':'• •'.'' •. ";. '. • .'.' · .. ·,; •. __ ,.', ."'' • ', •:.:...:., •• .-.:~-... ~-~••••••...:: ................... :.... .. ,.,.....;. ................ ..,.~_,,.,,u ..... ...,,_,,c.••h•••-·- ••• ,.)••• 
,-
., - ' . ··~··- ..... -··· ----··'• ....... : ;, .. :. ;~;- :...,_ ,,_.,:, ___ _,,.,,· ..... . 
-"'~_·_·_·. 
· .. \/·· 
/:l e - , ar 
6.eair' 
.. D. .. e.aJii.' 
!iea.N' 
Lie bz' 
Lleo'Jr' 
6e bTTT 1 
-
L.:le b w' 
-
I 
I 
~ 
.... 
- .... ... . 
· 0.161 L~J.2° 
0.164 L227.2° -
o.os3.L26.0° . " " 
0.046 L2J2.s 0 -
= 
o.os? L2.2,.6° 
0.092 L2~1.6° -
0.041 L71.6° 
0.037 L222.s 0 -
. . . ... 
0.117 + • 0.110 J 
0.113 • 0.120 - J 
-0 .0-30--···· +" j---0 .044 -
0.023 • 0.040 - J 
0.049 + • 0.072 J 
0.057 • 0.072 - J 
0.013 + • 0.039 J 
0.009 • 0.036 - J 
Table IV-19: Total corrections for terminals a and b 
0 ·•·--·--•• ------------ 0 ~ "--~ ••:•--: 0----:-,·~--·, .... ·· ... o• '•,~,,:;_•:-:,;·-., ,·. 0 • • •••· •• .-:' ,,,.:.,_,-·•c·,:·-·:,--, .. •--·--···" ..;., ... ,~ ..•. _.,,'>o•HOo_;.: .. ,, •• _ 
,p' -·-•--•··-~o•••--.. ..-,-, ...... ~,_.,_.. , 0·· 
0
°
0 
•:
0
•
0 
°
0 
. •o : : . •,•_ ••• __ • : • ._."', '• ,··.: • ·, ;·.- •· ·,'" ,: •. :.· •• •• N - '· O ."i ·.:· .. : -:'.'.-: ·, : --~---.:, .. :'. ' .. ··-,, 0 ' ', ,•'•, ·,:. • : •-.,,-·._:._•. 0° ___ :·.: .• O P • •• ;.·.,T •-··~•• ho-·,-
! !\ 
'C I ~· 
• ••f • 
-~· 
Subnetwork I: ~-· 
\! ~- ~ 
13.eQ' 0.010 L102.0° 
/i 9f I 0.054 L60.s 0 
-~ 
-
-
~ e~, 0.035 L221z..~ 0 
•·· 
.... :, 
A eh I 0.007 /256.5° 
Subnetwork II: 
'. 
I 
~e& I 0.012 L2~1.a 0 -
Lle.,:' 0.061 L2J6.0° 
. 
#-.: 
-
-........ "''·········-·· .• ..... 
... ·--· . 
. --,-·-q ----
... '~ ·-" ·- ... ,.--. - . ,. ·-· ... . . .... ,- ..... le- , · 
J 0.024 L2~2.0° 
'1 e J,/ 0.016 L2Jo.0° 
''..' . . • ,.~,.,..,,,,1,.,..,.,,. ,. 1 ·:,.;:,~~,,.,.o .. r,-~u,•,·1,·~1· 
,._ 
.f-
- 0.003 + j 0.009 
0.026.+ j 0~047 
- 0.025 - j 0.025 
~ 0.002 - j 0.007 
0.004 • 0.012 - - J 
·• 
0.034 • 0.050 - - J 
. ·•· '•• ~. -·- .. ... .. - .... ~ ·-· --·- -···- ···-· -- ··- -·- . -
0.012 • 0.020 - - J 
0.011 • 0.013 - - J 
l\ .. 
~-
"' 
.. ··- ... -... --·· --- ,. 
-· .-·~ -·: 
,,- - -,---- -,-,H·• ~--,,,-.•, • 0 hT .•. ,,~..,~·--·. ' .• ·_, • ...... -~-._.,,, O ~---· O -~-................... ••a~•«~~ .. , .... ,'<, •, .. •• .. ., ..... ,.,_,_. ______ , ............................................. ,.,,,_,.,,,, ... -----····--------------------.-----.-·----------·---·-··- .. ·--········--·!............. . .• ---------·- ..... ·.•·---- >'• 
Subnetwork III: 
.. 
.4 e ~ I : :C).-.063 L26.0° 0.035 + • :Q.052 J 
'1ef' I- 0.051 L60.0° 0.026 + • 0.044 J 
.-···. 
-· 
. . .. . . . . ........ ·- ·--.- '"\ ::-· ~ . ··- ~:· . .. .. ····:··•:"· ., ..... . . 
6e q 1 
• .r . .. 0.070 L52.6° .. . _ ... 0.~039.± _j 0.048 . 
6eh' 0.064 L'i.7.0° 0.035 + • 0.053 J 
. 
Subnetwork IV: 
I 
. /le~' 0.055 L2~.2° 0.026· • 0.049 - - J 
,. 
_6 ef I 0.045 L21:z2.s 0 I I 0.019 • 0.041 - - ,J 
. 
Ll ej I : 0.061 L21:z.1.2° 0.029 • 0.054 - - J 
' ' 
/Je4),., I 0.055 L~1.~ 0 ., 0.027 . 0.049 - - J --- .-..... 
--
,:"t .. 
- . -·:· . . '· .. _ - ... -------·-·- ·-·-----··-··--·······-··--··· - ·--·-·~-~-~-" ---··-- ··-· - ··- ·-·-···-·-. -- ----· . -- ... ~-----~·'"'-··~----·--·-- .-.,~-- --~-- ---
- ;-~ ···-----·---·---- ---·-·...-··------ - ··--·------. _, 
•, 
-··•-···-·•-•·•·-·"-""""'"-"'--··-·•-·-~..:. . •. '. ' - •. ·,· . -. . • . ~-•••- - • -•L•'-,, •••- . ·- --- , -··•·-• ""•••••·•-••-•·••·"··•-·••····•·"·-•-·•,-. - -··-~• •• ••• Y-••-·-·-- • ·--•-• - ·-----··-. ~- .. -·-. -· 
Table IV-20: Influence of interconnection o_n the · · · 
internal nodes 
'\ 
f 
' ' 
. '\ 
Subnetwork I: . 
.. 
. 9(2 / 3.570 LJ~.J 0 
'f' 2.310·-·Q? .• 1 ° 
• 
·es' 3.055 LJ~.Q0 
~h' 2.15 5 L;6 .0.0 
Subnetwork II: 
3.400 LJ2,2° ee ' 
.. 
· .. ,.., 
9f I 2.742 Q~.20 
='· 
. .. I -
'J 
-·--·~·-,-·~·-·-···-- .... ::.,,.,~·---·~•"··•,•;•·" -~ ·•···· ..... 
,, 2.405 Q~.8° 
e1,,, I 2.120 LJ6.6° 
Subnetwork III1 
I 
ee, ! 2 .4 75 L'J.6. 6° 
ef I 2.232 L2s.1z.0 
( 
e 8 '2.a90 LJ?.6° 
. - ,, .... : . . :·. · .. ·::::· .. ·-····. -· -- . -~--··~--.. --_ -----'--"--~ - . - ---· ... 
- . 
. ' . . . . 
I 
e;, 2.240· L2~.a0 
Subnetwork IV: 
I 
ee 2.260 L~7. 2° 
·ef ( 2.600 L'J.7.2° 
I 
'j 2.110 L26.~ 0 
• 
l 
--
-
-
-
-
-
: 
! 
-
2.94s + j 2.009 
,', 
1.s46 + j 1.393 
2,538 + j 1,704 
1.743 + j 1.268 
2.751 + j .1.989 
2,146 + j 1,707 
.... 
1. 04 + j 1.268 
• 
1,987 + j 1,473 
1.746 + j 1,385 
2.294 + j 1,768 
. ,_.. ····•·. .. - . . . . 
1.826 + j 1.311 
... 
·. ·-.· ' . 
., 
•, 
1.793 + j 1,372 
2.051 + j 1.598 
1.749 + j 1.285 
. - ·-
--, 
I 
e .h 2.093 L31+.a 0 1.718 + j 1.194 · 
•' 
T,ble IV-21.: Final potentials of the internal nodes 
e, f, g and h 
- - - -
. \. _,.:~ 
_ .•. · I 
.• I 
. ·····-·····- .. : , ... · ............ --~-----~-.... -· ,.,_ .. __ ··- -·•···· ··--·· ..• . --··--·- -· 
., . . -··· ....... :--· .. , . 
'./. 
\ 
. '..-. 
... 
. 
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·A. Netwcrk ~ly1er ~elution in comparison to computer solution 
Diakopties is used mainly in ··oonneetion with a digital computer 
. 
solution of large networks, but, as shown in the previous chapter, these 
principles can also be used to analyze large~scale systems on the net-· 
work analyzer (or any other analog computer). Comparing the relative 
fdvantages of botp. ~f!vices, two factors a.re of main importance: accuracy 
and speed. 
Accu_racy 
To check the accuracy of the results found on the network analyzer, 
the solutions for both examples a.re compared \iith solutions found with 
u • 
a digital computer. For the first .example the.digital computer results 
.. - --,,,,- --~~;~ k!lo~ i~ adV"8n~e4, b~t for the sec~nd example they were found 
.. ···:··· ·-··· 
-·-·---.. -··-···---·--·--·- .. -
separately, using the principles of diakoptics. 
The steps of analysis for the digital computer are now outlined 
using the diadic notation of F.q. II-25. 
Input data are the 8 x 8 admittance matrix, Y1, of the subnet-
works, the impedance matrix, z, of the links cut by the line of tearing, 
---- . -- ·--··--- -··- -" ---·-···----·-···---···--- ----·---···· -·---·-·-·· .. --.. -----· -·-- .. 
the four 8 x 8 matrices of the connection tensor,. C, and the 8 x 1 
matrices of the generator currents, I. 
·g· ·7· . : ., 
.. ~_.:·-.--
-\ 
·, 
. ··•-,- --·- -"'"'""··-o.,~ ......... : ~-•-···--···· ~:.: .... : ..• - ...... . 
First, the admittance matrix, Y1, was inverted and then the 
8 x 1 matrices, z1 I, were calculated for the four subnetworks. After 
computing the f'our 8 x 8 matrices, ctz1c, these matrices were aunnned 
and the link impedances, z,' added, resulting in a 8 x 8 imp.edance 
u 
•. 
matrix, z2 • This z2 impedance matrix was inverted to obtain an admit-
tance matrix, Y2• Computing the four 8 x ·1 matrices, .ctz1 I, these 
I 
~ me.trices again were added and their sum multiplied by Y2 and z1 C in 
succession to obtain the 8 x 1 matrix, Y2(ctz1I) and the four 8 x l 
~trio.es, z1 c_(Y2ctzl C). Subtracting z1 CY2ctzl C from z1r gives all 
··- .. 
-'- .. 
node poteni;ials ~s the final result • 
. 
The network analyzer solution and digital computer solution 
in polar form are compared in Table V-1 and Table V-2. The percent 
errors of the voltage magnitude are relative to the digital computer 
values. 
,. . - ... 
'/ 
, .. ,.,, ._. ........ ., .• _,.,.,.- .. ,,-,,,.,H·,._,.._'""'';''" _, __ .,,._.c.,,,,.,,-,~ .. ,,. •..• :··-:·c•''"":•"'"'"• •-•·•·-•'"'"""''•••-•·-- ,,, ·•< · • · ... ·' ·.··-
"•• •••••• ""'"'-•'"~" -~ •v •">••"•·••'•"''"'•''"., ... ,,.,,-. ,,, • '""""•'"''•• -••• O, 'I•".,,,,,,,•- ,, .. •,,•oV• , ••• ••• .. ,,,,,.-,,, ., ,., .,,,, ,_. oov,,,-,,.o,o,,.__,_ .. ," OO>>.O o, o>o •L< ,,•,-' _,,,,;;.,,•, 'o•••, ,,,.,• ,~ -~••'~! -~- •,•, '• •> • • ,.~.'/h ,·,,. ,•, ••,~• m~. ,-.••- • .,,-., o• ., ... ,.~., - .. ,., •• -,~ •••'" •••·• ,• ... ',, "'"' ""'' ,o > ••••>•.•\'" ""'•••'< • ''• •' 0 0 '''°•-~·~- :~•,•o,.,,,, .. .,.,,, -~- O •\o•• a,,-,_,,,,, .. ,<o , d>, •,:,,_ ...... ..(,o,~,"--' Oo ,. ' 
-~ 
1 
1 
"\ .. ·:-·. i 
\ 
·t/• 
It can be seen, that the network analyzer results agree within 
1.72% in the first example, and within 1.98% in the second example, 
with the digital computer results. This tolerance is comparable to 
· the inherent aceuracy of the network analyzer its elf. The· angles of 
the network analyzer values lag the angles of the computer values by 
approximately 1.5° in the second example. 
~ .. :, .... .... · ...... 
--Speed· 
Due to repetitions in the evaluation of results in both methods, 
. ~-. 
~ ,....c,i1-.o_i.o_--.. .. _...._ __ , . .•.. ~ _ _. __ : .. - . .. 
I 
the time required far the network analyzer solution and the computer ~ 
solution was not recorci"ed. Hence an exact comparison of the time require-
ments is not possible. 
For the computer solution a large a.mount of time is necessary 
1. to write an adequate and time saviJlg control program, 
.• 
2. i:,o prepare and to arrange the input data, 
3. to place all information on punched cards or tape and then 
4. to run check programs. 
These check programs have to be previously calculated by slide rule or 
desk calculator. The actual running time for the whole program is small 
in comparison with the preparation time, which was approximately 40 hours. 
····A- leep for, dete·e·tion-··of····zero elements in the matrices was writ ten into 
·the control program, thus eliminating multiplication by zero; however, 
approximately 5 hours running time was still required for the analysis 
., ~ ••• • .,,•<•·• ,•••, .. 'v'<'-• .,-.,. ,.,v,•. ,,,, ,0 , •·•••,,, •• -" ,, •••• -, •• • •, ,n • 
_,..,°loi-. 
, ,'O ,.,.~,,, .. ,~ • .,. ,.,r , . .,~,, """"'"'" --·~·· ·
0 
,-.·:. -•~-<,.,·,: ._ ,,.,,, ·,,n,,, ,'' " •,w•·,a,•"-' • 
of the .second example on a LGP-30 digital computer. Hence, the total 
time for the digital computer solution was roughly 45 hours. Furthermore, 
use was made of a special complex variable subroutine, which was developed 
at Lehigh University for the LGP-30 computer. Without such a subroutine 
it is difficult to handle matrices containing complex quantities, since 
th.e "memory space neces~ary and the running time increase. 
Comparatively, the network analyzer solution is found more 
quickly. This type of analysi·s also requires certain preparatory 
thoughts and more care must be taken in determining the lines of tearing, 
-.89-
\ 
sinoe size is usiJaJ J y a more serious problem on a network analyser than 
on a di@!ta.J. computer. The actual set-up of the networks and the measure-
ments can be finished quickly; however, it is more time consuming to per-
form the hand calculations i'or the impedances of the equivalent networks 
and i'or the voltage differences and final node potentials. To solve the 
problem of :Example 2, the total time required for a complete analysis is 
estimated to be 20 hours. 
~ 
,/ 
,/' 
B. Limi tation.s of a network' analyzer solution 
Generally, every large network problem which can be solved by tear-
ing and piecewise solution on the digital computer, can be solved on the 
network analyzer too, and in less time. The only limitation for a piece-
wise analysis on the network analyzer is the number of line and genera-
tor elements available on the anal~er. If the elements are not suffi-
··-·· ... . . . ... .. ·-·· ..... ·- ........ ·····~- _ ... -... ··-- ... ci.ent ... in. ,numb.er to .. -represent .... a .gi:ven. sub.di vision., ... th.en-... the .. gi.v:en .. network-. 
has to be subdivided further, which increases the labor invo]:ved-··in---t-he····· ., ····-
solution. Special points to consider for a network analyzer solution are: 
1. No subnetwork can.have more internal sources than generator 
-
elements available on th·e network· analyzer, 
2, No subnetwork, of simplifi.ed group of subnetworks, can have 
more external nodes than generator elements available on the ana.lyaer. 
' 3. The rru.mber of line elements in an equivalent representation in- ... 
.. ···-. --·-·--·-·· ---· -- --
creases with the .number o-f cut lines, i.e. the number of node points which 
have to be retained. Two subnetworks, or network groups, together with 
the connecting links cannot exceed the line elements available on the. 
network analyzer. 
-90-
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.Q.l 
e , 
a 
e , 
d 
~ . e , ~ I e 
V) I e ' 
. t f 
I 
! e ' I g 
I 
I 
I 
•· 
-
N. Analy1er 
Solution 
2.225 /38.8° 
1.950 /1+1.2° 
2.670 /36.0° 
2.170 /3s.4° 
3,570 /34.3o 
2.310 /37el0 
' 
' 3.055 /34.0° 
2.155 /36.0° 
2.658 /41.0° 
. 
Digital Comp. 
Solution 
2.190 //+104° 
1 •. 913 /43 .0° 
2. 710 /.36 .8° 
2.135 /39.7° 
3.555 /~6.7° 
2 .295 /38. 6° 
3 .070 /36. 6° 
2 .170 /;7 •I+ 0 
2 • 640 U:+2 • 21 
;> 
2.068 /4J-.8° · I 9b' 2.040 /b.3. ~,0 
· ·~ I e , 2.030 /J6.7~ l , 2.042 /35.0° 
9 
I '< ~ ed' 1.s4b /38 .8° 1.860 /;6.9° 
Error 
of e ' 
., 
Error 
of /j_ 
+1.60 % -2.6° 
+1.93 % 
+1.48 % .
+1.61 % 
-0.49 % 
--0.69% 
+o.68% 
+1.37 % · 
+o. 59 % 
+1.09 % 
-1.8° 
-o.so 
-2.4° 
-1,5° 
-2.6° 
-1.7° 
-1.2° 
-1.8° 
-1.7° 
-.1-.·9° 
,• ~ i 
· 'ti I 9 9 ' 3 °345 /37 •9° +1.64 % -2.0° /_·_: 
. -~ . ~ 
--n 
3.400 /;5,9° 
... 
··- ... ~ .. j ........... e ·- '· ·· -I · ........ 2 ... -.. 7·"··"' ····•/· .. 3··8·· ..... _.5-0 · - ........... · ..... · ..... 2-·.-·-,..,10· .. ··/· 3°. ::0 ·· · ··· ··· ···+o·· ·..... ,: ,_ .. 'at.· · · .:.1 .. ·•··· 9° ~-_ .... , .... .. """ ....................... ... i\ ...... ~·"c··:··:·;·;"'"'""'c··;.,;·::_;.,, ... ; ... ,.:.:;.: ..... : ... :.... ....J ,P ~ -- - { __ .,,,(. ~ '+'+ /Q r 
, V)r ""~ I 
. .. 
I 
e ' I g ; 
I e , 
h 
I 
I 
. 
2.365 /36.1° 
2.120 /36.5° . 2.060 /37.7° 
..• • .. , ..... , ........ ·------ .. : ., .. , .. - . "=~ .. -· -···. ~-·- ------- ··-· ........ ·- .. ...... . .. T'"" .................................................................. __ .. .,... ..... .... •. .. ....... . ........... . 
I e ' : 2.160 /39 .2° a I 
i 
9b' i 2.020 /41.6° 
I / 
I e0 ' : 2.340 /36.0° 
e , 
d 
e , 
e 
e , 
g 
e , 
h 
2.232 /38.4° 
2.890 /;7.6° 
2.240 /;5.8° 
-91-
2~140 /J+0.8° 
2. 000 /1-+3. 2° 
2.33·5 /;7 .7° 
2.850 /;8.8° 
2.210 /37 .2° 
+1.09 % 
,u> 
+1.94 % -1.1° 
+o.94 % 
+1.00 % -1.8° 
+o.21 % -1.7° 
+1.98 % 
+l.64 % 
+1.40 % 
-1.4° 
-1.2° 
·i.•· 
J. 
\ ~ 
~'-'"-''111 ... f'/ 
"· 
Table V-2 (Continued) · 
, .,, N. Analyzer Digital Comp • Error Error 
Solution Solution of e ' or & · . 
ea ' 2.180 /39.2° 2,160 /40.6° +o.93 % -1.4° 
~' 1.990 1u. 7° 1.965 /!+J±.2° +1.27 % -2.5° 
e 
' 
2.035 /35 •. 7° 2.02? /37 .2° +o. 50 % -1.5° 
C 
. 
ed ' 1.935 /36.7° 1.922 /3s.s 0 +o.68 % -1.8° 
I . ~ : 
. ' ee ' 2.260 /37 .5° 2.220 /37.4 ° +1.78 % +o.1"' . . 
e , 2,600 /37. 9° 2,590 /39.9o +o.38 % -2.0° 
: 
'L~~ 
'. 
eg ' 2.180 /39.2° 2.160 f!+o.6° +o.93'% -1.4° '· 
' 
eh ' 2 .093 /3/x.- .8° 2,105 Q6.~ 0 -0.57 % -1.7° .· •, 
" .. ,. ,. " 
( 
' 
'I'able V-1: Network analyzer solution vs. digital computer 
· solution of Example 2 
N. Analyser Digital Comp. Error 
·solution Solution of e ' 
,·, 
e , 2,0l4 ~., 2.044 &_ -1.66 % ./ 
a ·/1 r 
\' 2.064 &_ 2,095 &_ -1.72 % 
e ' 1.572 &_ _1.586 .&_ ." --0~aa % _ C 
L,/ 
1: 
/' 
e ' d 1.265 &_ 1.286 &_ -1.63 % 
I e , 1.660 &_ 1.662 &_ -0.12 % 
e 
er ' 1.190 &_ 1.182 &_ +o.68 % 
Table V-2: Network anafyzer solution ys. digital computer ..... -=-- .. . . . . 
solution of Example l __ ___ ···-·-· . 
· ;;;..9·.· .2:, . ;...; · 
·.: • ..... 
'(/ 
,., . .. 
VI. APPENDIX-
.. ··-·-- --··-·· .. ·····-· ·- - -- . - - - - -
• • ••• I' • •• 
- ---------·-·------- ·-------- ••-•• ••------·--- • ·-- - -~ • -- • 
-- ---- .. - - -------..--- ---------- ·- ·-·-- - ----
The:Lehigh University Network Analya,er 
For educational purposes a. medium size. network analyzer was 
acquired by Lehigh University in 1957, This purchase was made possible 
by a grant of the Pennsylvania Power & Light Co., who uses the analyaer 
to some extent for their own studies. 
The network ,al}.alyzer was constructed by the I. T .E. Circuit 
, Breaker Co. of Philadelphia in a cabinet type enclosure, consisting of 
a generator section, a circuit co~onent section, and a control center 
section. All circuit elemen_ts, which ·are mounted in removable drawers, 
terminate at a patohboard unit on the control center. The desired net-
work is formed by connecting the various elements together using a 
removable patchboard. 
The analyzer is operated directly .from a 60 cycle power source 
. and is self-contained with its own voltage regulating equipment, located 
. ' 
- in the control center. All elements are .factory calibrated· and line and 
load units can be set directly in percent quantities. The elements are 
designed on a high impedance basis·, resulting in a relatively compact 
arrangement without the danger of overheating the components and yet 
.a;. ··.;i 
permitting high thermal capacity. A' description of the equipment is ... --
gi-ven :in the following table: / 
~·., 
,. 
' 
.. .,, 
\ J 
Generator Units 
Phase angle 
Voltage 
Load Units 
Watts 
Vars 
Line Units 
Resistance 
Reactance 
Pi-Line Units 
Resistance 
Reactance 
Susceptance 
Capacitor Units 
Susceptance 
Transformer-a 
V.oltage 
Mutual Transformers 
Metering Cords 
Resistance 
Fault Circuit 
Busses 
No. of 
Elements 
6 
:16: 
. 6 
. ''t 
4 
·10· 
. 'l' 
-··· -~ -·. : .
Range of 
-Elements 
0-360° 
.. 0-220° 
/ 2.0-212% 
0.0-210% 
,o::.: 2-i.00% 
·o~0--99,9%· 
. , -. 
0.3-100.2% 
0.0-99.9% 
o.0-55.5% 
80-· 120% 
Step 
Increment 
Continuous 
Continuous 
0. 5% up to J J 2% 
1.0% from 112% to 212% 
0.5% up to 110% 
1.0% from 110% to 210%. 
,-.,.., .. 
0 ... 1%: 
:o~:1.% 
0.1% 
0.1% 
0.5% 
·o-•.. 5}& 
0.5% 
max.volts per 
wdg: 60 V 
Ratio 1:1:1 
'-
O. l.5% . ~ 
·- ·- --· - ---· ____ ., ___ . -- . - "" - . ~ - : .... - - . . - - ---·-··-----·---·-- --. -- . . - .. - -- . __________________________ .,,, ____ . ----------------------------------------- ------------------- . ----- ---'------------------ . ---------------·----- -----~-- - _, --
Tab le VI-1: Rangeof components of !TE-Network Analyzer 
- I) 
~- ·-'---.---· ----~-_,,----------- -----------~---------------- _______ .. · -----------------------·-----------·---------- .. 
·,.:,.:: 
:I 
....... --:, 
.• :·~ 
la. 
lb. 
2a • 
2b. 
3. 
5a. 
:5b_,. 
:6a. 
::9b. 
· 6c. 
7. 
8. 
9.: 
10 •. 
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